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ABSTRACT

Advances in technologies such as climate and weather models, satellites, and sensor networks have
resulted in terabytes of high-resolution, spatially correlated data being produced each day. Analyses of
these data can help us understand the accelerating effects of climate change, the health of ecosystems, air
quality in populated regions, and other phenomena critical to a sustainable future. However, the volume
and complexity of these data have introduced computational challenges that render traditional methods
inefficient or infeasible. This thesis develops fast statistical and machine learning methods that address
three such challenges in the modeling and analysis of large spatial data.

The Gaussian Process (GP) is a foundational tool for the analysis of spatial data, but becomes
computationally intractable on large datasets. A powerful class of methods represent the GP as a sum of
basis functions with random coefficients. While efficient, these methods often introduce unwanted artifacts
and edge effects, which can be mitigated through a computationally demanding normalization step. The
first work in this thesis introduces two fast algorithms for this normalization step, enabling efficient
prediction on fine grids and demonstrating significant speedups on large spatial datasets.

Large spatial data are often non-stationary, making the estimation of model parameters difficult, even
for modern spatial methods. The second work introduces LatticeVision, a method that views large, gridded
data and its accompanying parameters as images, enabling the use of image-to-image neural networks to
estimate millions of parameters in seconds. Paired with a fast spatial autoregressive model, LatticeVision is
applied to generate realistic ensembles of global climate model fields in seconds, in contrast to the millions
of core-hours required by the models themselves. The third work extends LatticeVision to another central
problem: the fusion of data sources on different spatial supports. By transferring information from
chemical transport model outputs to ground-station measurements, we predict and quantify the
uncertainty of atmospheric air pollution across Italy.

For each work in this thesis, we provide open-source software to facilitate the application of our

methods by practitioners. Links to all works and software can also be found at antonyxsik.github.io.
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CHAPTER 1
OVERVIEW

This chapter contains the goals of this work and a general outline of the remainder of the thesis.
1.1 Goals

The primary aims of this work are to:

Motivate the development of fast and accurate methods for modeling large spatial data.

Establish a short background on key concepts in spatial statistics, data science, and machine learning.

Present novel advances in research at the intersection of machine learning and spatial statistics.

Discuss the limitations of the research presented in this thesis, and provide ideas for potential

extensions or improvements to continue the advancement of the field.
1.2 General Overview

In Chapter 2, we provide essential background material to support the subsequent chapters. This
includes a brief introduction to spatial data and spatial statistics, Gaussian Processes (GPs), and the
stationary LatticeKrig spatial model [1]. This chapter provides the necessary background for Chapter 3.

In Chapter 3, we introduce a computational improvement to basis function methods for spatial
statistics. Although these methods offer efficient GP representations for working with large datasets, they
often suffer from artifacts and edge effects caused by a non-constant marginal variance. To address this, a
costly normalization of the basis functions is required. This chapter presents two fast and accurate
algorithms that dramatically reduce the cost of normalization [2]. We showcase the practical value of these
algorithms via a prediction task on a large dataset, and implement them in the LatticeKrig model, a well
known, basis function method with an accompanying, open-source R package [3].

In Chapter 4, we introduce additional concepts that motivate the remainder of the thesis. We begin
with non-stationarity and anisotropy, discuss the challenges they pose for parameter estimation, and define
the non-stationary LatticeKrig model. We then introduce neural parameter estimation, in which neural
networks replace traditional likelihood-based estimators. Finally, we review key neural network
architectures relevant to spatial problems.

In Chapter 5, we turn our attention to the application of deep learning to modeling non-stationary

spatial data. We present a novel method for estimating spatially varying parameters using deep learning



architectures inspired by those in computer vision [4]. Specifically, we adapt image-to-image (12I) neural
networks, both transformer-based and fully convolutional, to predict parameters of spatial autoregressive
(SAR) models directly from input fields. Our approach bypasses both the computational bottlenecks of
traditional, maximum likelihood based approaches, and the locality restrictions of prior deep learning
methods. Once the parameters have been estimated, they can be encoded into the LatticeKrig SAR model
to generate large ensembles of additional, synthetic fields. This offers a practical solution for uncertainty
quantification in high-cost domains such as climate modeling. We apply our end-to-end methodology to
outputs from an Earth System Model, and generate thousands of additional fields in a matter of seconds.

In Chapter 6, we extend the methodology of Chapter 5 to a data fusion setting, contributing to the
longstanding problem of combining data sources defined on different spatial supports. We develop a
transfer-learning framework that uses LatticeVision to learn spatially varying parameters from gridded
chemical transport model outputs and then uses these parameters as a prior for modeling sparse
ground-station measurements [5]. A likelihood-based refinement step then adjusts the parameters to
recover fine-scale variability smoothed out by the gridded data. We apply this framework to produce daily,
fine-resolution maps of nitrogen dioxide concentrations across Italy for 2023, with uncertainty
quantification.

In Chapter 7, we present software contributions that extend the methodology of Chapter 5 and
Chapter 6. Specifically, we show that the LatticeKrig model is capable of representing fully independent,
non-stationary, and anisotropic parameter fields across multiple resolutions, along with spatially varying
weights that control the contribution of each level. This flexibility enables the representation of even richer
spatial structures, including long-range teleconnections, opening the door for future applications.

In Chapter 8, we conclude this thesis with discussions, broader applications, and future directions.



CHAPTER 2
BACKGROUND

2.1 Spatial Statistics

Spatial statistics is a broad subset of statistical techniques used in dealing with data that has an
element of spatial correlation, meaning there exist relationships in the data that can be attributed to the
“location” of the observations. While this field naturally lends itself to applications in geography and
climate science, the ubiquity of spatially-referenced data has led to diverse use cases, ranging from tracking
the spread of viral infections like Covid-19 [6], determining dark matter distribution in galaxies [7], and
identifying crime hotspots in major cities [8]. The field has roots in geostatistics, multivariate statistics,
cartography, and even mining, where it was primarily used for creating accurate maps of mineral resources
and predicting their occurrences. One of the cornerstone principles of spatial statistics is Tobler’s “First
Law of Geography” [9], which essentially states that observations that are closer together are typically
more related than those that are further apart. While a seemingly simple law, this principle captures the
essence of spatial dependence, and moves beyond the classical assumption of independent, identically

distributed observations.
2.2 The Spatial Model

Let y(s) be a curve, a spatial surface, or a function defined at locations s. We define a model for y such

that
y(s) = u(s) +g(s) (2.1)

where y(s) is the value of the spatial process at s, u(-) is a mean function responsible for fixed effects, and
g(+) is a stochastic process. In practice we do not have access to the latent surface y(s) directly; instead we
collect data in the form of possibly noisy observations at a finite set of locations. Let z(s) be an

observation at spatial location s. The observational model can be written as
z2(s) = y(s) +e(s) = u(s) + g(s) + &(s) (2:2)

where ¢(-) encapsulates independent, normally distributed noise with mean zero and a variance of 72.

Often, we assume the mean function p(-) depends linearly on covariates 1 (-), ..., zq(")
u(s) =x(s)'B, where x(s) = [21(s) -+ a(s)], (2.3)

and f represents the linear coefficients.



For illustration, consider the example of mapping annual average PM,, 5 concentration over a city.
PMj 5, or fine-particle air pollution, is defined as particulate matter with a diameter of 2.5 microns or less,
which can be harmful to the human respiratory system in large quantities [10]. We assume an underlying
process y, which denotes the true but unknown pollution level at location s, and suppose we have n

monitoring stations that report noisy readings
z(si) = p(si) + g(si) +e(s;), i=1,...,n (2.4)

with an error term £(s;) ~ N (0, 72) which encapsulates sensor noise and microscale variation. In yu(-), we
might include covariates x such as humidity, population density, and elevation, which can help explain
broad spatial trends and aid the prediction of PMy 5. The spatial structure that can not be explained by
the fixed effects is modeled by the stochastic process g(-), and the rest is captured by ()

There are many choices for the form of g(-), with the most common one being a Gaussian process,
which is favored for its flexibility, well-understood probabilistic structure, and ability to yield closed-form
spatial predictions with built-in uncertainty quantification. In the following section we define the Gaussian

process and discuss its advantages and limitations in more detail.
2.3 Gaussian Processes

A spatial Gaussian process (GP) is a collection of random variables indexed by spatial locations s such
that any finite subset of the values (y(s1),y(s2),...,y(s,)) has a multivariate Gaussian distribution. The
process is fully characterized by two components. The first is a mean function u(s), which creates the mean
vector p € R™ for a finite set of observations. The second is the covariance function C, which describes
how correlated the values of the process are between any two locations s and s’ and builds the covariance
matrix ¥ € R"*" where ¥, = C(Sq,Sp). Throughout this thesis, we use the notation R™ for the space of
real-valued vectors of length n, R™*™ for the space of real m x n matrices, and so on for higher-order

tensors. The Gaussian process and resulting multivariate normal distribution can be written as:
y() ~GP(,C), y ~N(p, %) (2.5)

When modeling spatial data, we may specify y(-) ~ GP (u, C) directly, or—equivalently—write
y(s) = p(s) + g(s) with g(-) ~ GP (0,C). The covariance function C(s,s’), also commonly referred to as a
kernel in machine learning contexts, must be symmetric (C(s,s’) = C(s',s)) and positive semi-definite so
that the resulting covariance matrix is valid for every finite set of locations.

There are many covariance function choices, such as the Exponential, Cauchy, Spherical, and Matérn,
to name only a few. The Matérn class is most popular due to its balance of interpretability and

expressiveness [11]. Under the Matérn family, the covariance function takes the form:
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where v > 0 is smoothness, k¢ > 0 is the spatial correlation range, K, is a modified Bessel function of the

(Famlls = )" Ky (5ralls = s1), (2.6)

second kind, and o2 is the marginal variance. It is important to note that the value of the covariance

function decays as the distance between two points (||s — s’||) increases.
2.3.1 Stationarity and Isotropy

The standard Matérn covariance function, along with many other analytical choices for the covariance

kernel in spatial modeling, is by construction #sotropic and stationary.

e Stationarity implies invariance under translation, meaning the covariance between two locations does
not depend on their location within the domain. More precisely, when we refer to “stationarity” in
this text, we are referring to weak (second-order) stationarity, where C(s,s’) = C(s + h,s’ + h) for
every shift h. Simply put, this means that the kernel and key statistical parameters (such as the

correlation range) do not vary across the domain.

e [sotropy implies invariance under rotation, meaning the covariance between two locations does not
depend on the direction of their separation. Formally, C(s,s’) = C(||s — s'||). In two dimensions, one
can imagine isotropy as the property that all points sharing a fixed correlation with a given point

form a perfect circle around it.

While these assumptions make analytic kernels such as the Matérn easy to implement and interpret,
real-world processes often exhibit anisotropy (direction-dependent correlation) and non-stationarity (key
spatial parameters vary across the domain). Relaxing these simplifying assumptions is therefore an active

area of research and a key focus of the later chapters in this thesis, specifically Chapter 4 to Chapter 7.
2.3.2 Limitations of the Gaussian Process

Despite the many attractive properties of the GP as a tool for modeling spatial data, it becomes
computationally intractable for even moderately sized datasets (i.e. n ~ 10*). The primary barrier to
working with the GP in such settings is the fact that X is dense and of size n x n, with n being the number
of locations. Thus, computing the likelihood and conditional expectation—both of which involve
factorizing X—require O(n3) operations and O(n?) memory. This computational bottleneck has motivated
an active field of developing fast GP representations such as covariance tapering [12], basis function
methods [13], spatial autoregressive (SAR) models [14], and methods such as the LatticeKrig model, which

relies on sparse linear algebra [1], and is further described in the following section. This thesis extends that



line of work, and integrates sparse statistical models with deep learning methods, resulting in models that

can handle larger and more heterogeneous spatial datasets.
2.4 The Stationary LatticeKrig Model

The LatticeKrig (LK) model [1] represents a GP as a sum of basis functions with coefficients governed
by a spatial autoregression (SAR). This construction results in the spatial dependence being controlled by
a sparse precision matrix, providing scalability for large spatial data. The original LK model is a
multi-resolution model, comprising several stacked layers of basis functions and coefficients at progressively
finer scales. For ease of exposition, we first present the single-layer version of the model, and return to the
multi-resolution extension at the end of this section. Additionally, the LK framework can be extended to
accommodate nonstationarity and anisotropy. We restrict our attention to the stationary, isotropic case
here, and develop the nonstationary, anisotropic extension in Chapter 4. Under the LK specification, the

spatial component g(s) is written as ¢(s) "¢, and the observational model in Equation (2.2) becomes

2(s) =x(s) "B+ ¢(s) e +(s), (2.7)

where ¢(s) = (¢1(s),...,ém(s))" is the vector of m basis functions evaluated at s, and ¢ = (c1,...,¢p) " is

the corresponding vector of random coefficients.
Each basis function ¢; is a radially symmetric, compactly supported Wendland function centered at one

of the m lattice points {u; };”:1 arranged on a regular grid over the spatial domain:

(1-d)° (35d>+18d+3)

94(s) =w(s_“j”), b(d) = g 0=d=1, (2.8)

8l 0 otherwise,

with ~ a scaling factor that sets the radius of support. Because 1 vanishes outside the unit interval, each
¢; contributes only within a small neighborhood of its center u;, so the regression matrix ® € R"*™ with
entries ®; ; = ¢;(s;) is sparse.

The coefficients are distributed as ¢ ~ A (0,Q~1), where Q € R™*™ is the sparse precision matrix,
which is specified through a spatial autoregressive (SAR) representation. Given a sparse linear operator B
and a random vector e ~ N(0, I), we construct the distribution of ¢ such that Be = e. Thus, B is a SAR
operator that decorrelates ¢ to white noise. In the stationary case, the rows of B are populated according
to the five-point stencil

~1
—1[4+r2] -1, (2.9)
—1

where the central value gives the diagonal entry of B, the four off-center values give the entries

corresponding to the four nearest neighbors on the lattice, and all other entries in the row are zero. The



parameter k2 > 0 controls the spatial correlation range for all observations. By linear statistics,
c ~N(0,(BTB)™1), and so the precision matrix @ equals B' B and is also sparse. This particular form of
the stencil arises from the connection between Matérn GPs and stochastic partial differential equations

S). ittle showed that a Matérn g(s) on with smoothness v = 1 satisfies
SPDEs). Whittle [15] showed th Matérn GP R? with h 1 isfi
(k% = A) g(s) = W(s), (2.10)

where A is the Laplacian and W is a white noise process. Lindgren et al. [14] demonstrated that
discretizing (2.10) on a regular lattice via finite differences yields a Gaussian Markov random field (GMRF)
that approximates the Matérn GP, with a sparse precision matrix whose structure is determined by the
discretization stencil. The derivation can be found in the Appendix B.1.2.

The sparsity in both @ and ® is what makes the LK model scalable. The simulation, likelihood
evaluation, and prediction steps perform operations with sparse matrices, sidestepping dense matrix
factorizations that limit the original GP. In practice, this allows LK to be applied to spatial datasets with

n ~ 10° or larger, well beyond the reach of standard GP methods.
2.4.1 Multi-Resolution Model

Although a single layer model is sufficient for many applications, it is the introduction of multiple
resolutions that allows the LK model to approximate standard families of covariance functions. In two
dimensions, the model is defined as the sum of L independent layers, with each successive layer containing

roughly four times more basis functions than the previous layer. The full spatial process is thus a sum

L my
9(s) =D > cuj by (s) (2.11)
£=1 j=1
where each layer £ = 1,..., L has its own correlation range parameter li%, its own coefficients ¢, governed

by an independent SAR, and a marginal variance «y that weights the contribution of the layer to the final
process. The marginal variances are constrained to sum to one, Zngl ay = 1, so that they partition the

total variance across the layers. The resulting precision matrix has the sparse, block diagonal form

0 1 By By - 0
Q= : ( /OQ): 2 . : , (2.12)
0 0 ... (1/ar) BI By

where By corresponds to the SAR matrix of layer ¢, constructed from the five-point stencil with
correlation range parameter li%.
By appropriately choosing the marginal variances {a,} and correlation ranges {7}, this

multi-resolution model has been shown to approximate stationary covariance functions from the Matérn



family successfully, while preserving the sparsity that makes the model fast [1]. The single-layer model in
this notation corresponds to L = 1 and serves as the basis for the nonstationary extension developed in
Chapter 4. Both nonstationarity and multiple resolutions are then combined to demonstrate the full

flexibility of the LK model in Chapter 7.



CHAPTER 3
NORMALIZING BASIS FUNCTIONS: APPROXIMATE STATIONARY MODELS FOR LARGE
SPATIAL DATA

Modified from a paper published in Stat!.
Antony Sikorski?-?, Daniel McKenzie*, Douglas Nychka?®

3.1 Abstract

In geostatistics, traditional spatial models often rely on the Gaussian Process (GP) to fit stationary
covariances to data. It is well known that this approach becomes computationally infeasible when dealing
with large data volumes, necessitating the use of approximate methods. A powerful class of methods
approximate the GP as a sum of basis functions with random coefficients. Although this technique offers
computational efficiency, it does not inherently guarantee a stationary covariance. To mitigate this issue,
the basis functions can be “normalized” to maintain a constant marginal variance, avoiding unwanted
artifacts and edge effects. This allows for the fitting of nearly stationary models to large, potentially
non-stationary datasets, providing a rigorous base to extend to more complex problems. Unfortunately, the
process of normalizing these basis functions is computationally demanding. To address this, we introduce
two fast and accurate algorithms to the normalization step, allowing for efficient prediction on fine grids.
The practical value of these algorithms is showcased in the context of a spatial analysis on a large dataset,
where significant computational speedups are achieved. While implementation and testing are done
specifically within the LatticeKrig framework, these algorithms can be adapted to other basis function

methods operating on regular grids.
3.2 Introduction

Generating prediction surfaces in geostatistics frequently involves fitting models with a stationary
covariance to spatially referenced data on a regular grid and then computing model predictions at many
unobserved grid points. Historically, the Gaussian Process (GP) has served as a primary model for such
analysis, as GPs allow for straightforward prediction and uncertainty quantification [16, 17]. Well known

computational bottlenecks arise from the need to evaluate the conditional expectation to obtain a spatial
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prediction, and the likelihood to estimate covariance parameters. These operations generically require
O(N?3) operations and O(N?) memory, where N represents the number of spatial locations [18, 19].

A flexible and computationally efficient approach for avoiding these bottlenecks is provided by a class of
“basis function models”, which approximate a spatial process as a weighted sum of basis functions [20].
Some notable examples include Fixed Rank Kriging (FRK) [13, 21], INLA [22], mgcv [23],
Multi-Resolutional Approximation (MRA) [24], Predictive Processes (PP) [25, 26], Spatial Partitioning
[27], and LatticeKrig [1, 3]. Despite variations in basis function choice and modeling approaches, a common
disadvantage is the absence of guaranteed stationarity in the covariance structure, which mandates that
the spatial dependence between two points rely solely on their distance. Although data are frequently
non-stationary, well fitting stationary models allow for easier and more efficient parameter estimation due
to the simplicity of the covariance structure, along with the use of standard estimation methods. Moreover,
non-stationary models are often built by modifying a stationary covariance kernel.

A drawback of basis function methods is the presence of undesirable artifacts in the predicted surface,
as demonstrated in Figure 3.1. Here a simple model consisting of eight overlapping basis functions is fit to
noisy observations from a quadratic function. A naive fit introduces oscillations in the predicted curve that
are solely due to the placement and shape of the basis functions. The reduction or removal of these
artifacts is critical to achieving stationarity, and fitting models that are representative of the physical data.

One way of doing so is by “normalizing” the basis functions to ensure a constant marginal variance.

0.050
0.025
Fit
0.000 === Normalized
=== Unnormalized
-0.025
-0.050

0.00 0.25 0.50 0.75 1.00

Figure 3.1 A simple, one-dimensional scenario, where a small amount of noise is added to data sampled from a
quadratic. Left: Both normalized and un-normalized basis function models are fitted to the data. Right: Finite
difference approximation of the gradient for both fits reveals the artifacts more clearly.

Although it is an improvement to the spatial model, this normalization step constitutes a subsequent
computational bottleneck. In order to analyze datasets on the order of millions or more spatial locations

(N ~ 109) efficiently, it has become necessary to explore, understand, and accelerate this operation.
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In this paper, we significantly reduce the computational cost of ensuring the stationarity of basis
function models on a regular grid. We provide two algorithms, and software for reproducibility. The first
algorithm uses the fast Fourier transform (FFT) to approximate the variance of the basis functions on
large grids rapidly. This replaces an O(N?3) exact computation with an O(N log(N)) approximate one, at
almost no loss of accuracy. The second algorithm calculates the variance exactly by decomposing key
matrices into a series of Kronecker products of smaller matrices. All supplementary code for the figures
and experiments in this paper, along with a development version of the LatticeKrig R package can be

found on github.com/antonyxsik/Normalization-Paper.
3.2.1 Paper Outline

The remainder of this paper is as follows. Section 3.3 provides a brief introduction to basis function
methods, and as a concrete example, the LatticeKrig model. In Section 3.4, two fast normalization
methods are described: one based on discretization using Kronecker matrices and the other based on image
upsampling using the Fast Fourier Transform (FFT). Section 3.5 provides experimental timing and
accuracy results. Section 3.6 demonstrates the practical value of the algorithms during the analysis of a
large, simulated dataset, while conclusions and recommendations for future work are contained in

Section 3.7.
3.3 Basis Function Methods for Spatial Prediction

A ubiquitous model for a spatial process z is
z(s) = y(s) + &(s) (3.1)

where z(s) is the observation at spatial location s, y(-) is a Gaussian Process, and ¢(-) encapsulates
independent, normally distributed measurement error with mean zero and a variance of 72. We typically

assume that the mean of y(-) depends linearly on a number of observed covariates x1(-),...z4(")
y(s) =x(s) "B +g(s), wherex(s) = [z1(s) -+ wa(s)], (3.2)

although more sophisticated models are possible [28-30]. Note that g(-) is a zero-mean Gaussian Process;

we denote its covariance function as C(,-):
cov (g(s), 9(s")) = C(s,s"). (3.3)

A central problem in this framework is to predict y(s) at large numbers of unobserved locations. We

focus on the case where these locations lie on a square grid® {sij} Fitting a model for this purpose

n
ij=1°

with standard frequentist methodology involves parameter estimation (i.e. computing 3 € R? and any free

60ur methods apply equally to rectangular grids; we restrict to square grids in our exposition for notational clarity.
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parameters in C(+,-)) by maximum likelihood. These computations are dominated by evaluating the
inverse and determinant of matrices of size N x N, where N = n x n, with a generic cost of O(N?)
operations and O(N?) memory. For small problems this framework has the advantage that any covariance
kernel can be considered to model spatial dependence in y. However, these computations become
prohibitive for even moderately sized datasets (i.e. N ~ 10%).

Basis function models, also known as fixed-rank approaches, sidestep this computational barrier by
either reducing the size of key matrices or introducing sparsity into the model. We focus on approaches in

which a set of R = r x r basis functions {¢y,(-)}}, ;—=; is constructed via translations and dilations of a

) . (3.4)

Here 7 is a scaling factor that controls the overlap of the basis functions. Common choices for v include

fixed, compactly supported, unimodal function :

S — Uk,
v

Pri(s) =V <

bisquare functions [13], Wendland polynomials [1], and wavelets [31]. We further assume that the basis

function centers {uy;}},_, form a square, regular grid. Basis function models assume an expansion for g

of the form
T
g(S) = Z ck,l¢k,l(s)~ (35)
kyl=1
Randomness and correlation in g(-) is now captured by the coefficients ¢; 1,...,¢.,. We assume c is drawn

from a multivariate Gaussian, ¢ ~ N(0,Y), with covariance matrix ¥ € RE*?. We define ® € RV* ¥ as the
regression matriz, with columns indexing the basis functions and rows indexing locations. The full

“Kriging” prediction for this model is then given by
§(s) = x(s) "B+ 4(s), where j(s) = & (3.6)
The coefficients ,3 are found using generalized least squares (GLS), and
e=(@"d+720" ) 10T (z - XB) (3.7)

denotes our estimate for the basis function coefficients, where X is the covariate matrix. These forms
are derived from the usual form of the spatial predictions using the Sherman-Morrison-Woodbury identity.
When ¥ is unstructured, the computational costs in this model reduce from O(N?) to O(NR?) [13], with
R chosen to be small relative to N. A greater number of basis functions intuitively provides a better
approximation, yielding a tradeoff between computational complexity and accuracy. Reduced cost has
allowed these models to be applied to numerous environmental problems with N ~ 10° or greater

13, 24, 32].
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If 4 has compact support, so will {¢y;}, thus v can be chosen such that ® and its Gram matriz ®T ®
are sparse. This motivates a final elaboration of the basis function model. Rather than computing 7!,
one can directly prescribe QQ = ¥ 7! as a sparse precision matrix. This strategy is used in LatticeKrig [1]
and other popular spatial models stemming from the stochastic partial differential equation (SPDE)
formulation [14]. Although it will later be shown that in certain settings, one must evaluate the inverse of
Q, its structured form allows computation to be sped up using sparse linear algebra.

Finally, we note that in practice a multi-layered approach is favored, in which basis functions centered
on multiple nested, increasingly fine grids are used. For simplicity we limit our initial exposition to the

single grid case, but note that our techniques directly extend to such multi-resolution approaches.
3.3.1 Prediction Artifacts in Basis Function Models

Although basis function models can be computationally efficient, they can also produce undesirable
artifacts in their prediction surfaces. Figure 3.2 illustrates how the choice of basis function overlap creates
a trade-off between the sparsity of ® and the uniformity of the process marginal variance. Although a
sparser ® is desirable as it reduces computational cost, the features in the marginal variance induce similar
patterns in the resulting predictions.

A natural solution to this issue is to normalizg the basis functions to guarantee a constant process

variance. We define ¢g = ¢ 1(s) --- ¢,,(s)| as the vector formed by evaluating all basis functions at

s. Accordingly, the basis functions are redefined as

Or,(s)
Var(g(s))

It has previously been shown that this transformation provides a good approximation of a stationary GP

bri(s) = ,  where Var(g(s)) = ¢4 D¢, (3.8)

[1]. For methods that define ¥ explicitly, this computation is straightforward. However, for methods that
are phrased in terms of the precision matrix this normalization is problematic. Here the variance

computation is
Var(g(s)) = ¢J Q"' ¢, (3.9)

which requires evaluating Q~'. Note that the normalization as proposed requires evaluation not only at all
observed data locations, but also at all locations for prediction. When generating large prediction surfaces

or predicting on fine grids, this becomes a bottleneck for otherwise very fast methods.
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Figure 3.2 Top row: ¢1(s),...,¢s(s) where 1) is a Wendland polynomial, dilated to yield large overlap (left) and
small overlap (right). Bottom row: the corresponding ® € R21%5  demonstrating the sparsity pattern. While less

overlap results in a sparser ® (Right column), it also results in a less uniform variance (magenta dotted line in Top
row).

3.3.2 LatticeKrig Spatial Model

The LatticeKrig (LK) methodology again expands g in the same basis-function form as (3.5), namely

r

g(s) = Z C1Pk,1(S)- (3.10)

k=1
with a sparse precision matrix @ such that ¢ ~ N(0, Q™). Here, the choice of 1 is the Wendland basis
function. This choice comes with two major advantages: the functions have compact support [0, 1],
inducing sparsity into ®, and are also positive definite. In radial form, this Wendland polynomial can be

written as:

(3.11)
0 otherwise.

(1—-d)®(35d°+18d+3)
d’(d):{ = for0<d<1
The sparse precision matrix @ is prescribed by modeling the spatial dependence among the coefficients
c using a Gaussian Markov random field (GMRF), specifically a spatial autoregressive (SAR) model. The
coefficients ¢ are defined such that Bc = e, where B is a sparse, SAR matrix which de-correlates the
coefficients to white noise e ~ N(0,1) . For two dimensions, the diagonal elements of B are 4 + x2, while

the four nearest neighboring grid points are —1. The x? parameter is adjustable, and defines the correlation
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range of the SAR model. For interior grid centers this results in the corresponding row of B having only 5
non-zero values. Linear statistics then implies that Q = BB is the precision matrix of the coefficients c.

The sparsity in both ® and @ results in a model which allows for the total number of basis functions R
to exceed the number of spatial locations N, with the limiting factor being the sparsity of the matrix
(®T® + 72X 71) rather than its R x R nominal size. This allows for fitting spatial data where the
measurement error is small and g is close to interpolating the observations.

Although the LK model enjoys many benefits, the direct prescription of the precision matrix makes
normalization problematic, as evaluating Q™! is required for the variance calculation. Since @ is positive
definite, the default method to calculate Var(g(s)) in LK first computes the sparse Cholesky decomposition
Q = CCT and then solves Cv = ¢4, whence

Var(g(s) = |vl3 = Y of. (3.12)

ij=1

In this work we propose a different approach, based on an alternative factorization of ) that is readily
available, namely Q = BB where B is the SAR matrix described above. In fact, B can be decomposed

into B = L + x?I where L is the five-point stencil discrete Laplacian [33]. Thus we propose to solve
(L4 K21V = ¢, (3.13)

instead, and then compute Var(g(s)) as the norm of v, as in (3.12). Exploiting the structure of (3.13)

provides multiple avenues to speed up the computation of Var(g(s)).

3.4 Methods
3.4.1 Normalization using the FFT

In deriving this method, we were inspired by the observation that the variance function s — Var(g(s))

appears nearly periodic. Before continuing, we offer a justification of why this is the case.
3.4.2 Approximate periodicity of the variance function
Because the ¢ ; are constructed as grid translations of a single parent function 1,
¢s = [(;51,1(5) ¢r,r(s)]

= [¥(ls=siall/7v) - ¥lls = spell/7)]
= [ws(sl,l) ws(sr,rﬂ~

To simplify matters and avoid edge effects, we consider the case where the basis function centers form

an infinite grid, specifically the integer lattice Z2. In this case, the variance is

Var(g(s)) = > vk, (3.14)

meZ2
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where we ignore—for now—issues of summability. The linear system of interest is now a difference equation

that is a discretization of a well known partial differential equation (PDE), the screened Poisson equation,
—Avg + K2vg = g(2). (3.15)

where the solution vs : R? — R depends on the source term 1)5(z). The PDE (3.15) may be solved using

the Fourier transform, as discussed further in Appendix A.1, yielding the solution

7271'2(5 z)w _
d 3.16
0= [ o e, (3.16)

where 1)(-) denotes the Fourier transform of . Returning to (3.14):

o—2mi(s—m)-w 2
Var(g m%g |vs(m P //]R2 R P w(w)dw (3.17)
It is now apparent that Var(g(s)) is Z2?-periodic, as for any n € Z?
Varlgls ) = 3 Paenlm? = 3 | [ ST T 2 (315)
2 2| T
o—2mi(s—m')w _ 2 /
= 2 //]R2 R P ——— ¢ (w)dw where m’ :=m —n (3.19)
= Var(g(s)) (3.20)

and indeed we approximately observe this periodicity in practice. We conjecture that the lack of exact
periodicity in real applications is primarily due to the edge effects arising from using a finite lattice, which

can be reduced by adding an additional buffer region with minimal computational overhead.
3.4.3 FFT-based upsampling

Based on the argument in Section 3.4.2, we expect Var(g(s)) to be nearly periodic, thus we propose to
apply a commonly used image upsampling technique—Fourier interpolation [34]—to approximately

evaluate Var(g(s)) on the square” grid {s; ; }"

i j—1- Fourier interpolation begins by subsampling, that is

evaluating Var(g(s)) on a coarser grid which contains the grid of basis function centers:
{w it hamr € {80, b pam1 € (8053020 (3.21)

and 1 < n. In the ideal case where Var(g(s)) is periodic, as discussed in Section 3.4.2, we observe that it is
naturally band-limited, with the spacing between the uj; determining the highest frequency. Consequently,
by the Shannon-Nyquist sampling theorem [35, Appendix C.1], as long as 1 > 2r + 1, the set of evaluations
{Var(g(s:,.;,)) }p 4=1 determine Var(g(s)) exactly. More precisely, letting {fpﬂ}gq:l denote the discrete

Fourier transform (DFT) of {Var(g(si, j,))}p =1

7This also applies to rectangular grids, but we restrict to square grids in our exposition for notational clarity
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Algorithm 1 Fourier Interpolation

1: Inputs: Parent function ¢ and fine evaluation grid {s; ;}1';_;

2: Choose basis function centers {uy;}} ,_, and coarse evaluation grid {s;, j, }r ,—; such that n > 2r 41
andn=M@m—-1)+1.

3: Compute {Var(g(s;, j,))}, ,—1 exactly by solving (3.13) for all s ='s;_ ;..

4: Compute {f, 4} = F ({Var(g(si,;,))})

5: Compute {f; ;};'j—1 by zero-padding, as per (3.24), where n* = M.

6: Compute {\//ﬁi’j}?’;:l =F! ({f”}szl)

7. Compute {@i,j}?,jzl by removing the last M — 1 rows and columns of {\//a}”}fzzl

8: Return: {Vari,j}zjzl ~ {Var(g(s; ;)) it

n

Foa =Y. Var(g(si, . ,))e 2P/ me 2mia/n, (3.22)

p=1g=1

for any s € R? we may evaluate Var(g(s)) as

n o n
Var(g(s)) = Z Z fp.qemis 1P/ 2misaa/n where s = (51, 52). (3.23)

p=1q=1
Thus, we may use (3.23) to evaluate Var(g(s; ;)) without solving the associated linear system. Instead of

evaluating (3.23) directly, we use a standard construction whereby the { fp,q}g, 41 18 zero-padded to obtain

{fij }Zj:l as:

fp’q iflgpgg,lgqggandi:p,j:q
Jog f1<p<F, 5 <qg<nandi=p,j=qg+n—n

fig = pqg H2<p<il<g<Zandi=p+n-—n,j=gq (3.24)
Jfog 5 <p<ng<g<nandi=p+n-—n,j=q+n—n

0 otherwise
whence the inverse DFT is applied to {f; ;}};_;, yielding {Var(g(si;))}7;j—1- We use the ubiquitous
Cooley-Tukey Fast Fourier Transform (FFT) [36] to compute the DFT and inverse DFT, at a cost of
O(nlogn) and O(nlogn) operations respectively. Thus, Fourier interpolation reduces the number of linear
system solves required to compute {Var(g(si;))}7 ;= from n? to 7% with negligible computational
overhead.

In the realistic setting where Var(g(s)) is only approximately periodic, Fourier interpolation yields an
approximation to {Var(g(s; ;))}i;—;. Nonetheless, as verified by our experiments in Section 3.5.2, this
approximation is in most cases quite good. While increasing n beyond the theoretical minimum of
n = 2r + 1 improves accuracy, it also raises the computational expense. In practice, we find sampling rates
of n = 4r — 3 or n = 4r yield a good balance between these two competing factors. To avoid errors
resulting from content bleeding from the left edge to the right (and the top edge to the bottom) we choose

7 such that n = M(n — 1) + 1, for positive integer scale factor M, and ensure that the corners of the coarse

18



grid coincide with those of the fine grid. In scenarios such as timing the method, where content bleeding is
not a concern, simple modification allows for any choice of 7 < n to be made. The resulting algorithm is
represented pictorially in Figure 3.3 and in pseudocode as Algorithm 1, where we use F to denote the

operation of applying the FFT.

Original Approximate

Zero Pad

-10 8 6 4 2 0 45 46 47 48 49 50 51

Figure 3.3 Diagrammatic description of the proposed method. In this case r = 5 and 7 = 13, with basis function
centers denoted by white points. The calculation is then upsampled to a grid with n = 31. A visual comparison of
the true (exact) variance on the finer grid is provided. The log of the values is taken in the FFT domain to provide
a better visual demonstration.

3.4.4 Normalization using Kronecker Structure

An alternate approach to that proposed in Section 3.4.3, where the number of linear system solves is
reduced, one may also consider speeding up each linear system solve. Elliptic PDEs such as the screened
Poisson equation are well-studied, and many fast schemes exist for solving their discretizations (3.13). One
approach utilizes the Kronecker product to represent operations along each dimension separately [37].
Here, the computation for the variance is exact, but requires constant x%, meaning all diagonal elements of
B are the same.

With reference to (3.13), we note that v € R can naturally be reshaped into a matrix V' € R"¥".

3

Using Kronecker product identities and the “vec” vectorization operation

Bv =vec(AV + VAT) =vec(AVI, + LVA") = (A I, + I, @ A)vec(V) = (A I, + I, ® A)v  (3.25)

where A € R™™" is the tridiagonal matrix

2+ K2/2 -1 0 0
-1 2+ k%2 -1 0
A= : : (3.26)
0 -1 2+k%/2 -1
0 0 -1 2+ K%/2

Pre-multiplication by A represents column operations, while post-multiplying by A operates on rows,

formulating a discretization across two dimensions. In other words,
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B=L+rIT=A1,+1,®A (3.27)

Equation (3.27) may be further simplified using the eigen-decomposition A = UDU":
B=UDU'®I,+1,@UDU")=UDU" (3.28)

withid =U ®@U and D = (D ® I, + I, ® D). It also follows that I/ is an orthonormal matrix and D is
diagonal, so we have the eigen decomposition for B. We use this decomposition to get a compact

expression of the process variance:

Var(g(s)) = ¢4 Q 'y = ds BB~ ", = | B~ ¢, ||* = [UD'UT | = DU 9| (3.29)

where the final inequality holds as U/ is orthogonal. AsU/T =UT @ UT, we observe that
UTpg=vec (U0, +2,UT) (3.30)

where ®, € R™*" is the reshaping of ¢, € R into matrix form. Consequently, ¢ " ¢, may be computed
using only two 7 x r matrix-matrix multiplies at a cost of 2(2r® —r2). As D is diagonal, multiplication by

D~ requires r? operations. Thus finding the variance at all N spatial locations costs
N (4 — 2?4+ 7%) = O(N1?) = O(NR?/?), (3.31)

This method is particularly powerful in settings where the FFT method is limited, such as when the
number of basis functions approaches or exceeds the number of points. Timing for this method is provided
in Section 3.5.1. More sophisticated numerical methods for solving elliptic PDEs, such as the multigrid

method [38] may yield even greater savings; we leave this for future work.
3.4.5 Multi-Resolution Implementation

To guarantee stationarity in a multi-resolution model, each layer of basis functions must be normalized.
In order to integrate both the FFT and Kronecker speedups into the LatticeKrig R package, two new
options were created. The user can choose to use either the Kronecker algorithm alone, or a combined FFT
and Kronecker approach. When normalizing a multi-resolution model, the combined approach uses the
FFT method for coarser levels, where the number of spatial locations significantly exceeds the number of
points, while the Kronecker algorithm is used for the remaining levels. When appropriate, the Kronecker
algorithm is also utilized in the inner workings of the FFT method, where it is used to perform the small,
exact calculation. This use of both speedups is necessary to avoid hindering the full capabilities of
LatticeKrig, as the framework was designed for settings where one can choose R > N. Although the bulk

of computational overhead lies in the normalization of levels with finer resolutions, the combined approach
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still demonstrates a significant speedup in Section 3.6.
3.5 Results

We present timing results to demonstrate the computational gains from both algorithms, and assess the
consequent approximation errors of the FFT normalization. Our experiments were conducted on a laptop
with an 11th Gen Intel(R) Core(TM) 19-11900H processor at 2.50GHz, 16 GB RAM, and 8 cores. For

simplicity, all experiments are performed with regular, square grids for both basis functions {ukJ}};’l:l, and

n

spatial locations {s; ;}};_;, with a spatial domain [~1,1] x [-1,1]. Here the coarse grid {s;, j, } will

7l
P,q=1
be chosen with n = 4r, providing a balance between computational efficiency and approximation accuracy.

3.5.1 Timing

Our first aim is to measure the wall clock time required to perform the basis function computation,

specifically using the LKrig.basis function. We evaluate four distinct scenarios:

—_

. computation without any normalization,

o

computation with exact normalization using sparse linear algebra (default),

&

computation leveraging Kronecker products for exact normalization, and

L

computation using the approximate FFT normalization method.

These experiments contextualize the speedup from both algorithms by recording the time to compute
the basis functions; a step that often requires the most computational overhead in a realistic spatial
analysis. For each scenario, r is varied between 25 and 100, and the side length of the fine grid n ranges
from 500 to 2,000. Furthermore, we have the option to adjust the x? parameter and the number of buffer
points. For these experiments, we set x? = 0.05 and employ 10 buffer points in our analysis to mitigate
edge effects associated with a finite grid. These choices result in the largest dataset having size
N = 4,000,000 and a maximum of R = 10,000 total basis functions, which are consistent with testing
spatial models where traditional, dense linear algebra is not feasible. These results also provide an
opportunity to understand how timing will scale for much larger problems.

As depicted in Figure 3.4, the FFT normalization algorithm is consistently the fastest, often requiring
only marginally more time than the un-normalized calculation. The FFT method achieves maximum
efficiency when r = 100, yielding a speedup factor of 56x faster than the default method. As expected, the
timing slope of the FFT method flattens as the number of basis functions increases. This is because the
algorithm is primarily limited by the initial, exact calculation on the coarse grid, which is determined by

the number of basis functions. Conversely, the Kronecker method emerges as an alternative when accuracy
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cannot be compromised, offering a speedup of at most 8x over the default method. To roughly illustrate
scale between the three normalization methods, we take the case with r» = 50 and n = 2000. The default
method requires approximately 20 minutes, the Kronecker algorithm takes about 5 minutes, and the FFT

algorithm takes a mere 25 seconds.
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Figure 3.4 Timing results on a logarithmic scale for each method where r is varied: 25 (top left), 35 (top right), 50
(bottom left), 100 (bottom right), as is n: (500, 750, 1000, 1250, 1500, 2000). Dots represent the median time of 5
iterations of the simulation, and shading represents maximum and minimum values.

3.5.2 Error in the FFT Method

It is important to determine the approximation error from the FFT-based method. Given the lack of
physical significance attached to the variances, we use relative error metrics for comparison. Figure 3.5
shows both the mean percentage error and maximum absolute percentage errors, computed by subtracting
the FFT approximation {@(Q(Si,j)}iyj from the results of the exact calculation at each s; ;. Across all
tested configurations of basis function counts and grid side lengths, we find that the error introduced by
the FFT method remains consistently low. Specifically, the mean percent error hovers around 0.01%, while
the maximum values range between 1% and 2%. We demonstrate that the impact of this error is
essentially negligible in Section 5, when prediction accuracy and presence of artifacts are evaluated.

Additionally, we find these results are robust to different values of x? and variations in the number of
buffer points. Error is minimized at the default value of x? = 0.05, with the maximum error increasing to

roughly 4.5% at a large value of k2 = 1. A choice of 10 buffer points—slightly higher than the default value
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of 5—minimizes the error, although all tested values between (and including) 5 and 40 do not surpass a
maximum error of 3%. When the number of buffer points decreases to 0, error rises as high as 35%, as the
assumption of periodicity is strongly violated in this scenario. Edge effects due to finite grids are a well
known issue, rendering the high error from a lack of buffer points irrelevant, as this scenario would not be

seen in practice.
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Figure 3.5 Mean and maximum error on a logarithmic scale for the FFT normalization method. Once again, both
r: (25, 35, 50, 100), and n: (500, 750, 1000, 1250, 1500, 2000) are varied.

3.6 Application

We perform a comparison of prediction results
and timing using the different normalization methods on a large, simulated dataset. Circulant embedding
[39] is used to simulate a Gaussian field on a 1153 x 1153 grid with a spatial domain of [0,90] x [0, 90],
a Matern covariance parameterized by a range of kxs = 6 and a smoothness v = 1, and added white noise
e ~N(0,0.2). Observation values z(s) are scaled using an affine transformation that results in a range
of roughly —14.05 to 15.45. We employ two sampling schemes, shown in Figure 3.6. The first is Missing at
Random (MAR), in which 80% of the values are randomly removed, leaving the remaining 20% as training
data. The second is Missing Blocks (Blocks), in which we remove three square blocks of size 100 x 100—in
total removing 30,000 observations from the image—and test the models’ long range predictive abilities.
We record the run time of the full spatial analysis, and generate prediction surfaces to assess the accuracy

of out-of-sample predictions relative to the test data for each of the four normalization choices:

1. None: No normalization at all.

2. Both: The combined algorithm, using the FFT at coarser layers and the Kronecker for the rest.
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3. Kronecker: The exact Kronecker algorithm.

4. Exact: The default, exact computation.
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Figure 3.6 Full data set of N = 1,329,409 locations (left) along with training visualizations of both the
MAR (center) and Blocks (right) sampling schemes.

We fit a LatticeKrig model with 4 levels such that r is 25, 49, 97, and 193, respectively (R = 65,844
total basis functions). When the “both” speedup is used in this experiment, FFT normalization occurs on
the first 3 levels, and the last level uses the Kronecker speedup. We choose a value of k2 = 0.015 and a
buffer of 10 basis functions, following the findings in Section 3.5.2. The times for both fitting the model

and generating a prediction surface on the whole grid are combined to form total run time.

Table 3.1 Mean absolute error (MAE), root-mean-squared prediction error (RMSPE), and total run time are
recorded for each choice of normalization method for both the MAR and Blocks sampling schemes. Arrows (1, )
indicate the desirable direction for a metric.

Method Blocks MAR

MAE | RMSPE | Time (min) MAE | RMSPE | Time (min)
None 1.1672  1.6432 28.68 0.1983  0.2486 16.57
Both 1.0527  1.4735 78.82 0.2051  0.2570 45.08
Kronecker 1.0508 1.4712 111.49 0.2051 0.2570 57.90
Exact 1.0508 1.4712 173.75 0.2051  0.2570 95.51

As seen in Table 3.1, the “Kronecker” and “Both” options offer significant speedups in the context of
the full spatial analysis. The combined option is roughly 25% faster than the strictly Kronecker-based
counterpart, and roughly 2x faster than the classic normalization method. We expect time differences
between the three normalization methods to continue to widen as data-set size increases due to their
differing computational complexities. The Blocks case takes more time as the number of points one needs
to fit the model to initially is much greater than the MAR case. As for accuracy, all choices of

normalization provide similarly excellent fit. The impact from the artifacts in the un-normalized case is
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first noticeable in the differing values of MAE and RMSPE, while the results from the approximate,
combined approach are near identical to those of the exact methods. In the Blocks case, the un-normalized
method is less accurate, while in the MAR case it performs slightly better; an unexpected result. Despite
this observation, we do not deem these differences in accuracy significant, as the true detriment of artifacts
comes from their inaccurate representation of physical data. This is clearly demonstrated in Figure 3.7,

which zooms in to a small subset of the data (lat: [40,50], lon: [65,75]) to display the artifacts more clearly.
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Figure 3.7 Artifacts obtained by taking the difference of the unnormalized and exactly normalized prediction
surfaces in the MAR case (left). The remnants of those artifacts after approximate normalization (right).

The periodic pattern from not normalizing is striking, and is reminiscent of the basis functions and the
shape of their variance. The average amplitude of the unnormalized artifacts is on the order of 10~2. The
combined approach removes roughly 99% of the artifacts, reducing their average amplitude to an order of
10~*. If scaled to match the range of the no-normalization image (left), the image on the right side of
Figure 3.7 displays as a solid color due to the greatly diminished amplitude. Note that both the default

and Kronecker normalization methods would remove the artifacts entirely.
3.7 Conclusion

A useful model for analyzing large spatial data is the representation of a Gaussian Process as a sum of
basis functions with a multivariate normal distribution prescribed for the coefficients. An important
adjustment to this model is a normalization to avoid artifacts in the predicted surface that arise from the
arrangement of the locally supported basis functions. Despite the value from eliminating these artificial
features, this normalization step constitutes a computational bottleneck. In this work we have introduced
two fast algorithms for this step, reducing the cost of estimation and prediction for large spatial data sets.
These methods also constrain the spatial model to have a constant marginal variance, another attractive

feature.
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The Kronecker method takes advantage of the SAR structure of the model’s precision matrix, providing
a way to speed up each individual linear system solve required for normalization. This is an exact
calculation and enjoys a speedup of roughly 5x over the default method for computing normalization
weights. However, it is limited to the case of a constant x? and a two dimensional, rectangular geometry.
In addition, even if these conditions are met, there exist faster ways of solving discretizations of elliptic
PDEs, which could be utilized for this purpose. A future research direction is to leverage numerical and
graphical algorithms for PDEs to improve the computation for the normalization, or to derive approximate
but analytical expressions for the variance function.

An alternative to the Kronecker approach, the FF'T method requires fewer linear systems solves, and
instead upsamples the variance to much finer grids. Although this method is approximate, it is very
accurate, and can be faster than the default by almost two orders of magnitude. Additionally, it can be
used for any non-stationary covariance model for the coefficients, and could be expanded to work for higher
dimensions. The FFT method is currently confined to models or layers where the number of basis functions
is significantly less than that of the number of points, and requires the coarse, exact calculation to be done
on a nested subgrid of the data. There exists a broad range of other image upsampling techniques that
could be implemented, using our general methodology as a guide. In particular, the self-similarity of the
variance function could be exploited to avoid many exact evaluations.

To streamline the examples in this work, we have assumed that the data locations are registered to a
grid. This restriction can be overcome by computing the normalization on a fine grid, on the order of the
data location spacing, and then using a fast local interpolation for the off-grid locations. Because the FFT
method can interpolate to very fine grids efficiently, handling irregularly spaced locations will not impact
the timing.

All numerical experiments for this paper were done specifically within the LatticeKrig framework. This
was done for the convenience of working within a tested R package and also to facilitate distribution of the
algorithms. However, provided the radial basis functions are organized on a regular grid and the
coeflicients follow a sparse precision matrix, these algorithms could be useful for other basis function
models. Future work could study other basis functions that are more amenable to normalization, such as
tensor products, and also geometries where rectangular grids are not available, such as spheres. In general,
we believe that basis function models are an important tool for large spatial data analysis, and fine tuning

their properties to match standard spatial models is an important area for further research.
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CHAPTER 4
NON-STATIONARITY, ANISOTROPY, AND NEURAL PARAMETER ESTIMATION

4.1 Non-Stationarity and Anisotropy

While isotropy and stationarity are convenient, simplifying assumptions, they are rarely defensible for
real spatial data, particularly over large domains or at fine resolutions. Relaxing these assumptions yields

the more general notions of non-stationarity and anisotropy, which can be described as follows:

e Non-Stationarity relaxes invariance under translation, allowing the covariance structure to depend on
absolute location within the domain. That is, in general C(s,s’) # C(s + h,s’ + h) for a shift h. In
practice this means that key statistical parameters (such as the correlation range) are permitted to

vary across the domain.

o Anisotropy relaxes invariance under rotation, allowing the covariance between two locations to
depend on the direction of their separation in addition to its magnitude. In two dimensions, one can
imagine anisotropy as the property that the set of all points sharing a fixed correlation with a given

point forms a more complex shape, such as an ellipse, rather than a perfect circle.

As an illustrative example, there may be a dramatic shift in the range of correlation when measuring
key variables (such as temperature and precipitation [40]) on land as compared to in the ocean, implying
non-stationarity. Along the coastline separating the ocean from the land, a variable may be highly
correlated with distant locations in the ocean, but may exhibit little correlation with distant locations on
land, implying anisotropy. Flexibly modeling such behavior is essential for accurate interpolation of
observations, realistic emulation of gridded data products for large-ensembles, and other applications. The
following sections in this chapter describe how non-stationarity and anisotropy are incorporated into the
LK model, the inferential challenges introduced by this added flexibility, and one line of research aimed at

addressing them.
4.2 The Non-Stationary LatticeKrig Model

We extend the LK model to accommodate non-stationarity and anisotropy by generalizing the SAR
construction on the coefficients first shown in Section 2.4. We first introduce anisotropy by incorporating
additional parameters into the model, and then introduce non-stationarity by allowing them to vary across

the spatial domain.
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In the isotropic case, the contour of constant correlation around a location can be visualized as a circle
whose radius is governed by k2. Anisotropy generalizes this by replacing the circle with an ellipse, which
requires two additional parameters: p, which sets the aspect ratio of the ellipse, and 6, which sets its
orientation. The combined effect of 2, p, and # on the correlation contours is illustrated in Figure 5.2.

These parameters are added into the SAR matrix B, which controls the dependence between the
coefficients. Concretely, we modify the SPDE in Equation (2.10) by replacing the Laplacian A with the
generalized Laplacian V - DV, where D € R?*2 is a positive definite dispersion matrix constructed via its

eigendecomposition:

=

D = RTAR, = |0 TsmOl 2 0 (4.1)
sinf  cosf 0 5

Here R is a rotation matrix parametrized by 6 and A is a diagonal scaling matrix parametrized by p. With

this generalization, the anisotropic SPDE becomes
(k* =V - DV) g(s) = W(s). (4.2)

Discretizing (4.2) on a uniform grid via finite differences yields the nine-point stencil

D D
D1z Dya D2
— D11 | K°+2D11+2D35 | — D1y (4.3)
D2 D2
. 2 _ D 9
2 e 2

which determines the rows of the SAR matrix B. The stationary stencil can be recovered by setting p =1
and 6 = 0, in which case D = I, the 2 x 2 identity matrix.

The extension to non-stationarity is made by allowing the parameters x2, p, and 6 to vary across the
domain. Non-stationary capabilities of the LK model were first demonstrated by Wiens et al. [41] in a
formulation that omitted the basis-function layer, leaving a SAR where the parameters varied at every
spatial location. This is the same construction used by the LatticeVision framework introduced in
Chapter 5. The work in Chapter 6 was the first to incorporate this idea into the full basis-function model,
where the parameters vary across the lattice of basis-function centers {u;}72; instead. To remain cohesive
with the basis function model in Section 2.4, we describe the case in which the parameters vary across the
lattice here. With x2(u) and D(u) varying across the lattice, the rows of the SAR matrix B are

determined by the spatially varying stencil

D112(u) _ 7D1,2(11)
2 D272(u) P
—Dl,l(u) 52(11) + 2D1,1(u) + 2D2,2(u) _Dl,l(u) . (44)
—Lap9) —D33(u) Dgw

Further details can be found in Appendix B.1.3. This anisotropic, non-stationary formulation has several

notable advantages. First, the model is defined by the dependence structure in the B (and consequently Q)
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matrix, avoiding the difficult specification of an analytical covariance function that accommodates such
extreme flexibility. Because Q = BT B, the precision matrix is positive semi-definite by construction, and is
positive definite whenever B is non-singular. It follows that the implied covariance Q' is then guaranteed
to be a valid, positive definite covariance matrix. Second, this B (and @)) matrix remains very sparse,
retaining many of the computational advantages from the isotropic, stationary model. Finally, the model is
now controlled by three interpretable parameter fields «2, p, and 0. The interpretability is easily
demonstrated by returning to the ellipse analogy: each lattice center u; now carries its own correlation
ellipse, with size, aspect ratio, and orientation set locally by x?(u;), p(u;), and 6(u;). The interplay
between these local ellipses yields rich, flexible spatial dependence structures that allow better modeling of

big and heterogeneous spatial data.
4.2.1 The Trouble with Non-Stationarity

The added flexibility of non-stationary spatial models comes at the cost of substantially more difficult
parameter estimation. In the case of the LK model, estimating the parameter fields k2, p, and 0 is
substantially more difficult than estimating their stationary counterparts.

In the stationary case, the model is governed by a small, fixed number of scalar parameters, and
standard maximum likelihood or Bayesian inference is tractable. When dealing with data such as climate
model outputs, or high resolution images, a natural choice is to allow these parameters to take a distinct
value at every basis-function center, u;. For a lattice with m centers, this produces 3m unknowns to be
estimated jointly, where 3m can easily be on the order of thousands or tens of thousands of parameters.
Although the cost of a single likelihood evaluation is determined by the number of spatial locations in both
the stationary and non-stationary settings, it is the number of evaluations required that scales with the
number of parameters in the model. As a result, standard maximum likelihood optimization and
traditional Bayesian sampling become infeasible, both because the optimization landscape is
high-dimensional and non-convex, and because each step is itself expensive.

One significant line of work addresses this problem by replacing repeated likelihood evaluation with
neural networks that are trained to map directly from observed spatial fields to estimates of the underlying

parameters. We give a brief introduction to this line of work in the following section.
4.3 Neural Parameter Estimation

Neural parameter estimation is a recent line of work in which a neural network is trained to map
directly from observed data to estimates of the parameters of an underlying statistical model. It is also

referred to as neural amortized inference [42, 43], and the trained networks themselves are commonly called
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Neural Bayes Estimators [44]. The field draws ideas from two more established areas: learning to optimize
(L20) [45, 46], a line of work which uses neural networks to improve optimization procedures, and
simulation-based inference (SBI) [47, 48].

Let © denote the parameter space of the underlying statistical model and S the sample space of
possible data. Data Y € S are generated according to a density f(Y | P) for parameters P € ©. A point

estimator is any mapping from the sample space to the parameter space,
P:S— 0, (4.5)

where 75(Y) estimates the parameters that originally generated Y. The goal of neural parameter
estimation is to learn this map with a neural network. Not every such map is a good estimator, and in
order to define optimal ones, we adopt a decision-theoretic viewpoint [44]. Given a non-negative loss
E(P,ﬁ(Y)), the risk (R) of an estimator is its loss averaged over all data realizations for a fixed parameter,

and the Bayes risk (R) averages this risk over some prior measure 2 on the parameters:

R(P.P()) = /S LP.PY)F(Y | P)AY,  Ra(P()) = /@ R(P.P())d(P). (4.6)

An estimator that minimizes the Bayes risk is called a Bayes estimator, and the choice of loss determines
which posterior summary it recovers. A common choice is the squared-error loss, which yields the posterior
mean. Such estimators are rarely available in closed form, so we approximate one by restricting (4.5) to a
neural network P(-; W) with weights W, and seeking W* = arg miny R (P(-; W)). Because neural
networks are universal function approximators, a well trained neural network will approximate the Bayes
estimator with respect to £ and 2, hence the name Neural Bayes Estimators.

For many spatial models, simulating realizations of spatial data from known parameter values is fast,
while estimating those parameters from realizations is expensive and difficult. Simulation-based inference
exploits this asymmetry: although the Bayes risk in (4.6) often cannot be evaluated directly, it can be
approximated by Monte Carlo using only cheap simulations from the statistical model. We draw P*) ~ Q
and simulate Y®) ~ f(- | P®¥) for k = 1,..., Nrain, and replace the Bayes risk with the Monte Carlo

estimate

1 MNtrain

Ra(P(; W) ~ LP®, Py w)). (4.7)

Ntrain h—1
Here, (4.7) requires no evaluation of the likelihood, only the ability to simulate. The Bayes risk is
minimized over W by standard backpropagation.

The neural parameter estimation strategy is often referred to as an “amortized” approach. This

emphasizes a rather obvious observation: while training the network is expensive, once trained, inference is

fast, since it consists of forward passes through the network, and the same network can be applied to many
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datasets. In settings with big spatial data, or problems where parameters need to be estimated repeatedly,
this trade-off is favorable. We note, however, that the “amortized” component of the approach is often
unnecessary. In fact, for sufficiently large problems, the full pipeline of generating training data, training a
network, and applying it once can already be cheaper than a single maximum likelihood fit.

The choice of network architecture is dictated by the structure of the data. Vanilla, multi-layer
perceptrons (MLPs) lack any built-in spatial inductive bias and are generally less effective for spatial fields.
When data lies on a regular grid, the field can be treated as an image, and convolutional neural networks
(CNNs) have been shown to make effective estimators [49-53]. Since it is well known that having replicates
of the spatial data allows for more stable parameter estimation, replicates can be stacked as image channels
in the convolutional setting. For irregular spatial data, graph neural networks (GNNs) provide an
analogous inductive bias by treating the locations as nodes of a graph [54]. In the irregular setting,
replicates can also be used, but can no longer be interpreted as channels of an input image.

When applied to large, non-stationary datasets, these networks were previously deployed in a local
fashion: the spatial domain was partitioned into smaller subsections (e.g., square tiles for gridded data),
and the network was applied independently to each block to produce local parameter estimates. This
framework had two key drawbacks. First, it implicitly assumed local stationarity within each subsection.
Second, the estimator lacked global context, missing relationships between subsections of the data that
were sufficiently far apart.

The contributions in Chapters 5 and 6 move away from the local framework, using global estimators
that are capable of estimating entire fields of non-stationary parameters in a single pass. A key component
to the success of this work is the transformer architecture, in which the attention mechanism has been
shown to learn spatial inductive biases directly from data, accommodate inputs with varying numbers of
locations, and capture global dependence without partitioning large domains. Because the transformer
architecture was relatively recently introduced compared to other networks, we provide a description in the

following section.
4.4 The Transformer Architecture

The central advantage of the transformer—and the reason it is the main ingredient behind
state-of-the-art artificial intelligence (AI) systems such as ChatGPT, Claude, and Gemini—is the attention
mechanism [55]. More specifically, this refers to scaled dot-product attention. This mechanism is the
“secret sauce” of the transformer architecture, allowing it to dynamically determine what to pay attention
to, rather than relying on fixed inductive biases. Although this leads to a more complex architecture with

significantly more parameters, it provides a substantial advantage over prior approaches like convolutional
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and recurrent neural networks, which hard-code assumptions about spatial or sequential structure. For
instance, convolutional neural networks impose a spatial prior by design, focusing attention on a certain
number of neighboring pixels, where that number depends on the size of the convolutional kernel. While
effective in many settings, this can be inadequate for tasks involving long-range dependencies where
correlations can span large distances in unintuitive ways. In contrast, transformers can learn to attend to

these long-range, nonlocal interactions.
4.4.1 The Math Behind a Simple Transformer

The transformer takes in an input matrix X € R%»*¢ where C represents the context length, and dy, is
our input dimension. The matrix X is made by collating together a sequence of column vectors x(®) € Rén
where ¢ = 1, ..., C which we call tokens. These tokens can be words (turned into vectors via some
embedding) in the case of a language model, or patches of an image (unrolled into a vector) in the case of a
vision transformer. In the vision case, we can take the simple example of an image with 20 x 20 pixels,
split it into 4 patches of size 10 x 10, and vectorize each patch into a vector x € R'%°. Thus, in this case,
we have a value d;, = 100. By definition, the transformer can take in inputs of variable length, but a
maximum context length Cp,.x must be chosen, and is typically dictated by available compute. In our
simple image example, we could make the choice to limit to the maximum size of 120 x 120 pixels, thus our
Chnax = 144 patches, and the maximum size of our input matrix is X € R100x144,

The architecture of a transformer can be dissected as follows: The input matrix X is multiplied by a
learned embedding matrix to conform to some chosen model dimensions, is passed through a series of
transformer blocks, and then is de-embedded so that the output can then be converted into the
task-appropriate form (words, images, class labels, etc). We can denote the output of the model as
Y € Rout *C and we train the model using some loss function which compares the output to the truth
Y € R%uXC Fach transformer block consists of multi-headed attention (parallel operations containing the
attention mechanism), followed by a dense multi-layer perceptron (MLP). In practice, one also sprinkles in
normalizations (LayerNorm), dropout, and many other engineering tweaks. None of those extra
engineering components change the core equations we present next, so we omit them for notational and
expositional clarity:

Input: The model receives a matrix (sequence) X € Rén*C,

Rdin xC

Embedding: The input sequence X € is first transformed to the model (or hidden) dimension of d,,

via a single learned linear map

HY = W.X + P, W.eR¥>d P R (4.8)
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where W, is a weight matrix and P. is a matrix whose columns are positional encoding vectors, that
indicate the position of the token in the sequence. There are many different methods for choosing these
positional encodings, such as just setting them to be fixed sinusoidal vectors, or allowing them to be
learned through the network.

Transformer Blocks: The resulting H(®) € R *C serves as the input to the first transformer block. In
practice we have L transformer blocks, where £ = 1, ..., L, with the matrix H¢~1 € R%*C serving as the
input to the ¢-th block. The intermediate matrices H®) in between transformer blocks are often called the
residual stream, with R% <€ being the dimension of this residual stream. For the incoming matrix

H©) ¢ R¥*C e apply the two sub layers below.

1. Multi-headed Self-Attention (MHSA ). We have multiple attention heads, through which the H(® is
passed through in parallel. For each head ¢ =1, ..., h, we learn three weight matrices with a head

dimension R%*%m where dj, = d,, /h. The three weight matrices are:
Wi, Wic, Wi, € RIxdm, (4.9)
Given the incoming matrix H(®) € R%*C we form
Qi=WLHO,  Ki=WLH", V=W, H?, = Q;K,;V;eR"C (4.10)
The scaled dot-product self-attention for head i is

A;=Vis, 8 =softmax(XL2)T e ROXC A e RO (4.11)

The matrix S; represents how much each token attends to every other token, based on their learned
query (@) and key (K) representations. The softmax function ensures these attention weights are
positive and sum to one across each column, effectively forming a probability distribution over the
tokens being attended to. The output A; = V;S; is then the corresponding mixture of value vectors.
Each head will learn a different matrix .S;, which can be interpreted as each head learning a different

concept that the model is paying attention to.

We concatenate the outputs from all h heads along the row dimension to form a matrix
A= [Ag; Ag; . Ay) € R4 %€ where [+ ;-] denotes concatenation along the row (feature) dimension.

We then multiply by a learned weight matrix W, € Rém*dm.

7O

attn

=W, A € RImxC (4.12)

This is done to mix the information from all the attention heads, that were parallel and separately

computed. The final step is the application of a residual connection, in which we add the original
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input H® to the output of the MHSA:

HO — g©) 4 g©

res attn-

(4.13)

2. Dense MLP The output of the attention section is a matrix Hr(SQ € R4m*C which now serves as the
input to a position-wise, feed-forward MLP which independently applies a non-linear transformation
to each token. We set a feed forward dimension of dg, which is commonly chosen to be dg = 4d,, as
a standard rule-of-thumb. The MLP then consists of two learned linear projections with a

nonlinearity in between:
Wl 6 RdffXd'm’ '[/I/'2 e Rdm.def,
and we write

7

mlp

= Woo(Wy H)) € RImxC, (4.14)

res

where o : R — R is a non-linear activation function that is applied element-wise, which is typically

chosen to be GELU [56] or ReLU.

We again apply a residual connection:

HY = HO + H® ¢ RinxC, (4.15)

res mlp

Thus, the output of our first transformer block is H"). We repeat this process for L transformer

blocks (MHSA + MLP), resulting in a final matrix H") € Rdm*C,

De-Embedding: The final matrix HF) € R%*C is passed through a learned output projection to produce

the final model output:
Y = Wou HE) ) Wy, € RoutXdm, (4.16)

The dimension d,y; is task-dependent. For instance, in image-to-image tasks, we may set doyt = din, to
reconstruct spatial features with the same structure as the input. In contrast, for classification tasks, the
sequence is typically pooled (e.g., via average pooling or selection of a “class” token), and the output
projection maps to a vector of class logits in R¥, where K is the number of categories.

The model output Y is compared to a ground truth target Y using a task-specific loss function, and all

learnable parameters are updated via backpropagation using an optimizer such as AdamW [57].
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CHAPTER 5
LATTICEVISION: IMAGE TO IMAGE NETWORKS FOR MODELING NON-STATIONARY SPATIAL
DATA

Modified from a paper published in PMLR in the Proceedings of AISTATS *.

Antony Sikorski?3, Michael Ivanitsky 2, Nathan Lenssen *®, Douglas NychkaS, Daniel McKenzie”
5.1 Abstract

In many applications, we wish to fit a parametric statistical model to a small ensemble of spatially
distributed random variables (‘fields’). However, parameter inference using maximum likelihood estimation
(MLE) is computationally prohibitive, especially for large, non-stationary fields. Thus, many recent works
train neural networks to estimate parameters given spatial fields as input, sidestepping MLE completely. In
this work we focus on a popular class of parametric, spatially autoregressive (SAR) models. We make a
simple yet impactful observation; because the SAR parameters can be arranged on a regular grid, both
inputs (spatial fields) and outputs (model parameters) can be viewed as images. Using this insight, we
demonstrate that image-to-image (I2I) networks enable faster and more accurate parameter estimation for

a class of non-stationary SAR models with unprecedented complexity.
5.2 Introduction

Modeling large, gridded spatial data has become a central challenge in many scientific and industrial
applications. This typically involves fitting parametric spatial models to enable prediction, data fusion,
and, when data are limited, rapid simulation of additional fields. The bottleneck in this framework is
inferring the parameters of the statistical model using maximum likelihood estimation (MLE), which
becomes computationally intractable as dataset size increases [18, 19]. Moreover, spatial data over large
domains frequently exhibit non-stationarity, meaning key parameters vary over space, further complicating
parameter estimation. Many recent works have replaced MLE with neural networks, mapping spatial fields
directly to local parameter estimates [42, 43, 49, 50]. Like MLE, these methods are limited to dividing

large fields into smaller sections, each assumed to be stationary, and estimating parameters independently

IReprinted with permission of PMLR, currently available at https://openreview.net/forum?id=km8KA33TUu. The final link to
the published work in PMLR will be available at https://github.com/antonyxsik/LatticeVision
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for each section. Although faster than MLE, the number of forward passes required scales linearly with the
number of sections. Additionally, such local neural estimators struggle to capture long-range, global

context.

121 Network

Synthetic Replicates

Figure 5.1 An illustration of the LatticeVision workflow applied to ESM outputs. Spatial fields are fed into
an 2] network, which in turn produces estimates of the non-stationary parameter fields. These are
encoded into a SAR model from which synthetic replicates are efficiently simulated.

In this work we introduce LatticeVision, a global estimation and emulation framework
for large, non-stationary spatial data. We observe that for a popular group of statistical models known
as spatial autoregressive (SAR) models, the parameters themselves are naturally arranged on a grid. Thus,
both the spatial fields of interest and their associated parameters can be viewed as images. Consequently,
we adapt image-to-image (I12I) networks—both fully convolutional [58] and vision transformer
based [59, 60]—to the parameter estimation task. Unlike local neural estimators, 121 networks estimate
all model parameters at once, in a single forward pass. Our networks are chosen to evaluate whether
incorporating the attention mechanism improves performance over purely convolutional approaches
[61], which have far fewer parameters. We find that a hybrid approach offers the best performance.

A key challenge in training these networks is ensuring they recognize complex non-stationarity patterns
encountered in large, geoscientific data. Since we require (field, parameters) pairs for training, the existing
corpora of application specific fields [62-64] are inapplicable. Thus we generate our own training data,
encoding priors that represent the kind of non-stationary spatial processes expected for geophysical
variables. In experiments with simulated data, 121 networks outperform local neural estimators in both
speed and accuracy. This advantage stems from the fact that I2I networks process the entire field at once,
rather than by section [54] or by pixel [41]. We also show that I2I networks estimate weakly-identifiable

parameters from a small number of replicate spatial fields more reliably than previous, local approaches.
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As an illustrative example, we employ the LatticeVision framework on data from multiple Earth System
Models (ESMs) (see Figure 5.1). ESM simulations (‘runs’) model the long-term evolution of Earth’s
climate, providing decision-makers with critical projections. The computational cost of performing more
than a handful of ESM runs is extremely prohibitive, limiting ensemble sizes to 3-100 members [65, 66]; too
few for many applications [67-70]. Following parameter estimation, we generate realistic ensembles
containing thousands of fields in a matter of seconds using the LatticeKrig package [1]; a stark contrast to
the tens of millions of core-hours required by ESMs. We show that ensembles simulated with parameters
estimated by I2I networks better capture spatial relationships—especially long-range anisotropic
correlations—than those produced by local methods.

In summary, we make the following contributions:

e We propose a global framework for efficiently estimating non-stationary parameters with 121
networks, demonstrate that hybrid architectures outperform those that are purely convolutional or

transformer-based for this task, and address the limitations of existing local approaches.

e We provide a strategy for generating training data that encodes scientifically meaningful priors that

future estimators and emulators can use.

e We pair our novel, global estimators with a computationally efficient and flexible SAR model [1, 3],

and validate this framework on ESM outputs.

All of the accompanying code is available at github.com/antonyxsik/LatticeVision.
5.3 Background: Gaussian Processes and SAR Models

The past thirty years have seen the development of statistical models for spatial data that are invaluable
for spatial prediction and emulation [71-74]. Despite recent advances in generative deep learning for spatial
data [75-77], statistical models outperform other approaches when data is limited [78]. Moreover,
statistical models contain interpretable parameters, which are useful for downstream applications.

We consider statistical models built around Gaussian processes (GPs). With locations s € R?, a
mean-zero GP g¢(s) is fully specified by its covariance function C(s,s’) = E [g(s)g(s")]. The kernel C' must
be positive definite and this requirement is typically enforced by assuming stationarity and isotropy
[16, 79]. That is, C is independent of the location in the domain (stationarity), and depends only on the

separation distance (isotropy):

C(s,s') = o?Clrmlls — §'|))- (5.1)
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Here C(0) = 1, 02 is the variance of the GP, and s > 0 governs the spatial correlation

range. A popular choice for C is the Matérn family® with an additional smoothness parameter, v > 0.

The Matérn class includes several common kernels as special cases (e.g., exponential and Gaussian). The
primary obstacle to working with GP-based models is the computational cost (O(n?) operations and O(n?)

memory for n spatial locations) of factorizing the covariance matrix ¥ € R"*" where X;; = C(s;, s;) [18].

5.3.1 The SPDE Method

GPs from the Matérn family have an equivalent representation in terms of a stochastic partial

differential equation (SPDE) [15, 80]:
(8% = M)+ 2g(s) = W(s), (5.2)

where 2 controls the correlation range, and is similar but not identical to

in the Matérn, A is the Laplacian operator, and W(s) is a white noise Gaussian process with zero mean
and variance 2. The so-called SPDE method [14, 81] connects Matérn GPs to Gaussian Markov Random
Fields (GMRFs) by demonstrating that discretizing Equation (5.2) on a regular grid yields a GMRF
which approximates the Matérn GP well. This approach can be extended? to allow non-stationarity and

anisotropy by incorporating a spatially varying dispersion matrix D(s) € R?*2 and letting x? vary in space:
(k%(s) — V- D(s)V)g(s) = W(s). (5.3)

Following [82], we construct D(s) via its eigendecomposition: D(s) = R(s)" A(s)R(s) where

wo = [ ] =07 o
NZO)
The generalized Laplacian in (5.3) can be written as
92 92 2
V-D(s)V = D171(s)w + 2D2’1(S)8T8y + DQQ(S)@T/? (5.5)

5.3.2 Interpreting the Parameter Fields

By specifying the “parameter fields” x2(s), 0(s), and p(s) we obtain a rich class of nonstationary GPs.
Because we are defining this model in terms of (5.3), the problem of explicitly specifying an analytical form
for the covariance that is positive definite is avoided. Moreover, these parameter fields are interpretable
and can yield physical insights into the spatial dependence of the field. Specifically, x? controls the overall

2

range of correlation (larger x* means more localized dependence), p controls the degree of anisotropy

(p = 1 corresponds to isotropy), and 6 controls the direction of anisotropy; see Figure 5.2.

81n reviewing commonly used covariance kernels, [11] concludes: ‘Use the Matérn’.
9For simplicity, we shall henceforth focus on the v = 1 case, the so-called Whittle covariance [15]
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Figure 5.2 Illustration of the effects of k2, p, and . The ellipses represent contours of constant correlation,
e.g. all locations with correlation 0.5 with the origin. x? controls the radii of the ellipse, p controls the
ratio of the semi-major and semi-minor radii (i.e., the ‘aspect ratio’ of the ellipse), and 6 is the angle the

semi-major axis makes with the positive z-axis.

5.3.3 Discretizing the SPDE

To obtain a computable model from (5.3), one approximates this SPDE using either a finite element or

finite difference method. Following [41]'° we use the finite difference method on a regular grid, yielding the

stencil:
D1,22(S) _D2’2(S> —D12,2(S)
—D1,1(s) [ K%(s) +2D1,1(s) +2Ds,2(s) | —D1a(s) (5.6)
—D1 2(s) _D D1 2(s)
—5 2,2(s) ==

Let y € R™ denote a discretized solution to (5.3) on this grid, with y; ; denoting the value at grid location
(i,7). Then y is the solution to By = e where e ~ N(0,I) is a sample from the standard multivariate
normal distribution and B € R™*™ is the spatial autoregressive (SAR) matrix associated to the stencil
(5.6). [14] show that y approximates a sample from the Matérn GP associated to (5.3). As B is sparse and
structured, this linear system may be solved at a computational cost O(n3/ %), thus sidestepping the
bottleneck associated with working with the GP directly. This formulation results in a GMRF with a

particular SAR structure, where, by linear statistics, the precision matrix is Q = BT B.

5.4 Non-Stationary Data Generation
5.4.1 I2I Data

In order for the I2I networks to be successful, the training data needs to encode priors appropriate for
geoscientific applications. Previous work [41] has shown that coastlines, long-range East-West correlations
due to jet streams, and oceanic circulation yield parameter fields that are important yet challenging to
detect. So, we construct a pipeline for generating synthetic fields exhibiting these key phenomena. First,
we construct spatially varying parameter fields x2(s), p(s), #(s) and then use them to produce an

M-replicate ensemble of synthetic fields Y = {y(™}M_, where each y(™ € R”*W is generated using the

10We correct a minor error in their derivation. Our derivation can be found in Appendix B.1.3
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same parameter fields. These parameter fields are concatenated along the channel dimension to form a
three channel, ground truth “image” P € R3>*H*W where P(s) = [k2(s), p(s),0(s)]T. The replicates of the
synthetic fields are also concatenated along the channel dimension to form the input image to our networks
Y € RMXHXW Thus, we have input-output pairs (Y, P) in our data.

Each time we construct a single parameter field, we first sample one of eight spatial patterns
p® (s; Q(i)), 1=1,2,...,8. The patterns are simple spatial functions that dictate how a parameter will
vary across the domain, and are designed to be caricatures of real geophysical variability. We hypothesize
that these patterns will serve as “building blocks”, enabling our networks to generalize to the kinds of
parameter changes present in geophysical settings. Each pattern is defined by its hyperparameters Q(i),
which are randomly sampled from a series of prior uniform distributions. For example, when a “Coastline”
pattern is selected, values that dictate the position and variation of the “Coastline” are chosen as well. The
relative frequency and qualitative descriptions of these patterns are illustrated in Figure 5.3, with detailed

functional forms and hyperparameter priors provided in Appendix B.2.

Coastline (13.3%) Bump (13.3%) Taper (6.7%) GP-Based (26.7%)
Double Double o o
Coastline (13.3%) Bump (13.3%) Sinwave (6.7%) Constant (6.7%)

il 0 =B

Figure 5.3 Spatial patterns and their frequencies.

Once a pattern p* and its hyperparameters Q@ have been chosen, we sample values from the prior
distribution of the specific parameter (12, p,or 6) for which we are constructing a field. Each pattern
(except “Constant”) requires sampling two values which dictate the maximum and minimum value across
the resulting parameter field. We set uniform priors on the anisotropy parameters p ~ U(1,7) and
0~U (—g, %), and set a mixed prior of k2 ~ 0.6logU/(107%,2) + 0.4 (1074, 2) for the correlation range.
These choices ensure we capture a broad range of spatial relationships, ranging from isotropy (p = 1) to

very elongated ellipses (p > 1) in any direction.
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We follow this process each time to create a parameter field for k2(s), p(s), and 0(s), and then encode
all parameters into the SAR matrix B, as described in Section 5.3. Drawing white noise e ~ N (0, I) and
solving By = e yields a random field y with the desired spatial covariance structure. Repeating this for M
independent draws produces a small ensemble Y = {y(™}M_  of different synthetic fields with identical

covariance structures.
5.4.2 CNN Data

For the local estimation setting, we assume local stationarity: within a small spatial window, all grid
cells are governed by the same parameters. This makes data generation for the local CNNs comparatively
straightforward. Rather than constructing parameter fields, we independently sample a single
value for each of (k2,p,6) from the prior distributions defined above. These parameters are then encoded
into a SAR matrix B, resulting in stationary synthetic fields. We generate smaller fields than for the
121 networks, with each sample consisting of M replicates ) € RM*"*w where h < H and w < W. The

associated ground truth is a parameter vector ¢ = [k2, p,0]7 € R®. Thus, our input-output pairs are (), €).
5.5 Parameter Estimation Networks

We adapt three 121 networks for parameter estimation: a fully convolutional U-Net, a modified ViT,
and a hybrid network inspired by the TransUNet architecture. A range of CNNs representative of the local
neural estimator literature serve as our baselines.

UNet: We use a standard U-Net [58] with a symmetric encoder-bottleneck-decoder structure and skip
connections that propagate spatial information across resolutions. Our implementation replaces ReLLU with
GELU activations [56], employs group normalization [83], and omits dropout [84]. The number of channels
in the bottleneck matches the transformer embedding dimension used in the transformer-based 121
networks.

ViT: The original ViT [59] was designed for image classification, so we remove classification-specific
components such as the class token and final MLP head, and use a learnable linear layer to project the
transformer output back to the original image resolution. The original 1D positional embeddings are
replaced with a range of 2D alternatives; see Section 5.6.

STUN: Our hybrid architecture, a spatial TransUNet (STUN), is based upon a network originally
designed for image segmentation [60]. It blends the two I2I networks discussed above, originally combining
a pretrained convolutional encoder with a vision transformer and a shallow decoder. We retain the overall
structure, but replace the encoder and decoder with the symmetric U-Net components used in our fully

convolutional network.
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CNN: Our local neural estimators follow the standard design of convolutional layers and a max pooling
layer followed by an MLP. We use three networks with varying receptive window sizes that are
representative of the local estimation literature [41, 44, 49, 50, 52]. The key difference is our networks have

more parameters (1-2.5M), as compared to typical local estimators (50-700k).
5.5.1 Implementation and Training Details

All networks are trained with a batch size of b = 64 and varying numbers of replicate input fields
M € {1,5,15,30}. Unless otherwise noted, all reported network sizes and metrics correspond to M = 30
replicates. For the I2I networks, each training example consists of M input fields of shape [b, M, H, W] =
[64, M, 192, 288], with corresponding output parameter fields [64, 3,192, 288]. For the local CNN estimators,
we vary the receptive field h = w = {9,17,25}, with inputs of shape [64, M, h,w] and scalar outputs [64, 3].
We append the window size to the name of the CNN, thus h = w = 25 is denoted CNN25. To encourage
permutation invariance, we randomly shuffle the replicates across the channel dimension each training step.

Certain data augmentation techniques do not preserve the statistical structure of the fields. For
example, image rotation does not preserve the angle of anisotropy 6. Thus, we limit augmentation to
spatial translation and random field negation. We generate datasets consisting of 8000 (I2I) and 80000
(CNN) samples with 30 replicates, and employ a 90/8/2 (train/validation/test) split, resulting in a test set
of 160 samples for the 12 dataset, which both local and global methods are evaluated on. More details on

implementation, storage, and software can be found in Appendix B.3.
5.6 Simulated Data Experiments

We generate a test set of 160 samples following the procedure in Section 5.4. Each sample is a small
ensemble Y € RM*192x283 of Zf replicates and an associated parameter image P € R3*192%288  For the 121
networks (UNet, ViT, STUN) we simply forward—propagate Y to obtain Prar. For the local CNN baselines,
we employ a pixel-by-pixel approach: we translate the CNN window across the field with a stride of 1,
assigning the prediction to the central pixel of the window to build Penn. We use reflection
padding—improving upon prior works which use zero padding—thus reducing edge-artifacts. Figure
Figure 5.4 contrasts an example P with estimates from the best performing global (STUN) and local
(CNN25) networks. MLE is not attempted; local likelihood evaluation for one field would require hundreds
of hours, exceeding the total runtime of our approach by orders of magnitude [41].

Positional Embeddings: The spatial nature of our problem leads us to study the effects of positional
embeddings. We evaluate four embeddings for the transformer: none, 2-D sinusoidal [85], learned 2-D [59],

and rotary (RoPE) [86]. RoPE yields the best performance across the majority of metrics for both ViT
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and STUN, and is adopted henceforth (see Appendix Table B.1).

Number of Replicates: We observe the effect on parameter estimation performance with varying
numbers of replicates M = {1,5,15,30}. Table 5.1 compares results for the extremes of this range. We find
that 121 networks are more resilient to a low number of replicates, with STUN and UNet showing almost

no difference in prediction RMSE. Full results are in Appendix Table B.2 and Table B.3.
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Figure 5.4 True parameters P (left) are encoded into the LatticeKrig SAR model to simulate a testing
sample Y, of which one replicate y(© is displayed (top). Y is used as an input to STUN and a sliding
window, local estimation strategy using CNN25, resulting in Pstun (middle), and Ponnes (right).

Our experiments highlight three consistent trends. (i) Global 121 networks pose a significant
improvement over local CNNs: STUN and UNet often display 4-5x lower RMSE and are almost unaffected
by shrinking the ensemble size, whereas CNNs are noticeably sensitive. (ii) Adding attention helps only
marginally in this setting, and attention on its own lags behind approaches that include multiscale
convolutions. STUN edges out UNet but at 4x the parameter count. ViT lags behind the other 121
networks, perhaps as it requires more training data [59]. (iii) Global 12I networks take longer to train due

to a higher parameter count, yet are amortized at inference time. In order to achieve the results of a single
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forward pass through an I2I network, the local estimators must perform H x W = 55,296 forward passes.

Consequently, I2I networks perform inference 100-1000 times faster than local neural estimators.

Table 5.1 Root mean square error (RMSE) for parameter estimation on a simulated test set using 1 and 30
replicates (reps). “Size” is the net parameter count (in millions). “Train” is the wall-clock time for training
until early stopping, and “Eval” is the average time (out of 5) to process the 160 sample test dataset.
Arrows indicate desirable direction, and bold values indicate best performance.

Not 30 Rep RMSE | 1 Rep RMSE | Size  Train Eval

e, g DL (il (o)
CNN9 0.963 0.937 0.316 1.01 1.39 0535 1.3 8 71.3
CNN17 0.765 0.994 0.293 0.766 1.27  0.443 1.9 19 163.0
CNN25  0.743 1.03  0.272 0.806 1.28  0.418 2.6 35 341.6
ViT 0.374 0.625 0.204 0471 0.771  0.237 92 161 0.30

UNet 0.201 0.308 0.087 0.195 0.354 0.111 25 144 0.33
STUN  0.189 0.302 0.091 0.189 0.351 0.097 105 178 0.38

5.7 Climate Application

We evaluate our framework by estimating parameters from
climate model outputs, using these parameters to generate large, synthetic ensembles, and then comparing
the quality of the I2I-based and local CNN-based emulators. We consider ensembles of surface temperature
sensitivity fields from three climate models with differing numbers of replicates and resolutions: MPI-ESM
(50 members, 192 x 96 resolution, [87]), CESM1 (30, 288 x 192, [65]), and EC-Earth3 (72, 512 x 256,
[88]). While diffusion networks have recently shown promise in adjacent emulation applications [89, 90],
only having 30-72 fields per model renders the training of generative models impractical in this setting.

The fields represent the local changes in temperature given an increase of 1°C in global temperature.
Due to the chaotic nature of the ocean-atmosphere system, we can treat each field within an ensemble as
an independent replicate sampled from the model’s “true” climate sensitivity. The data is preprocessed
into standardized temperature sensitivity anomalies where each pixel has zero mean and unit variance. We
then perform parameter estimation with all global I2I and local CNN estimators on 30 randomly selected
fields from each ensemble. Regardless of the estimation method used, the LatticeKrig SAR model simulates
1000 fields in less than one minute on a single laptop CPU, a stark contrast to the tens of millions of core
hours required to generate the original ensembles.

For each climate model, we perform the following experiment: We use the 12I-based and CNN-based
emulators to generate 1000 fields each, and evaluate how well these synthetic ensembles preserve the spatial
relationships present in the climate model outputs. Absolute prediction error is not meaningful here as the

“truth” is itself a Monte-Carlo sample of internal climate variability. Thus, we compare the second-order
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structure through a covariance analysis. Rather than computing the entire correlation matrices of the true
and simulated fields, which can get as large as 131,072 x 131,072 (EC-Earth3), we compare a

representative sample of 50 rows.
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Figure 5.5 Top: Standardized temperature fields drawn from the CESM1 ensemble (left), the STUN-based
emulator (middle), and the CNN25-based emulator (right). Bottom: Correlations with a chosen location in
the Nifio 3.4 region at (212°E, 1°N) for the same three ensembles. The STUN-based emulator better
preserves spatial relationships, including the zonal correlation structure along the equator and the
meridional oceanic correlation range.

First, we randomly select 50 anchor locations. We then calculate each anchor’s Pearson correlation with
every other location for the original fields, and those from the 12I-based and CNN-based emulators. The
average RMSE between the 50 true rows and their simulated counterparts is then calculated. We find that
I21-based emulators consistently outperform CNN-based emulators in capturing spatial relationships,
exhibiting significantly lower RMSEs in eight of nine cases (paired t-tests; Appendix Table B.4).

As a representative qualitative comparison, we visualize empirical correlations in CESM1 with a chosen
point in the Nifio 3.4 region—a region of the tropical Pacific most correlated with the El Nino—Southern
Oscillation phenomenon [91]—for the STUN-based and CNN25-based emulators (Figure 5.5). The
STUN-based emulator better preserves the expected zonal east-west correlation structure along the equator
with a more realistic correlation range. The CNN-based emulator systematically over-smooths and inflates
the oceanic correlation range, particularly in the meridional north-south direction. The original ensemble
correlation field is noisier as the CESM1 ensemble contains only 30 members; whereas our synthetic
ensembles contain 1,000. These patterns remain consistent across climate models and network pairs. In
sum, the I2I-based methods outperform the local CNN-based methods both quantitatively and

qualitatively in representing the underlying correlation structure of climate sensitivity fields.
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5.8 Related Works

5.8.1 Neural Parameter Estimation

In situations where the likelihood function is intractable, but simulation from the model is feasible,
neural networks have emerged as a powerful alternative to MLE [42, 43]. Neural parameter estimation
combines ideas from simulation-based inference [47, 48] and learning to optimize (L20) [45, 46] by training
networks to identify maxima of the Bayes risk [44]. The training cost is then amortized by repeated use.
Until now, these approaches have been limited to local estimation [44, 49-53, 92], typically using
multi-layer perceptrons (MLPs) and CNNs. This line of research is the main inspiration for this work,

which advances the field with simultaneous, non-stationary parameter inference and the use of 121 networks.
5.8.2 Climate Model Applications

While climate model emulation is not the sole application of our method, it provides an illustrative
example. Physics-based climate models require 107-10% core hours, necessitating data-driven emulation
[70]. Despite recent advances in deterministic [93-99] and ensemble-based probabilistic [76, 77, 100, 101]
weather forecasting, comparatively fewer methods focus explicitly on long-term climate projections
[102, 103]. Our approach draws ideas from statistical methods, which explicitly link parameter estimation
with emulation [41, 104-107], and machine learning (ML) methods, both deterministic [62, 108, 109] and
probabilistic [75, 89] which emulate directly from initial forcings or prior timesteps. Specifically, we
combine the straightforward uncertainty quantification and interpretable parameters from the statistical
model with a deterministic ML approach for efficient parameter estimation. Purely ML-based climate
emulators typically require an extensive corpus of training data [64, 110] and can exhibit limited
generalization capabilities beyond their training distributions [63]. We sidestep this by generating synthetic
training data that mimics non-stationarity in geophysical settings. Our framework does not serve as a
replacement for ESMs, but rather a complementary method for augmenting ensemble sizes, and reducing

the number of “ground truth” ESM runs that must be computed.
5.9 Limitations and Extensions

The limitations of this work fall into two categories: those of the 121 networks, and those of the
statistical model.

Estimation Networks: Our I2I networks assume complete, regularly gridded data. The STUN and
UNet architectures assume that each side of the grid is divisible by 2¥, with L being the number of
convolutional layers in the encoder of the network. In our implementation, this means each side of the grid

must be divisible by 16. Replicate count is also fixed at training time, with only a soft constraint to enforce
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permutation invariance. A hard constraint via aggregation [111] might resolve this, and warrants further
exploration. Transformer-based networks would likely benefit from larger datasets or advanced training
techniques such as student-teacher distillation [112] and a larger dataset. Future work could extend the
data generation pipeline to accommodate variable training dataset dimensions and explore scalable
attention mechanisms for larger spatial domains [113]. Our network choices establish a baseline, but there
exist many additional architectures for future work to explore [114-118].

Statistical Model: We adopt a Gaussian process framework via SAR approximation, which enforces
monotonic decay of the covariance and cannot capture teleconnections or nonlinear dynamics such as
eddies. Our current formulation omits explicit modeling of an additional white noise process, and could
benefit from increased smoothing in areas with long-range correlation structures. Extensions to this work
could explore multi-resolution structures [1, 21, 72], estimate a spatially varying noise term, and
approximate nonlocal dependence patterns that arise in physical systems.

While our framework enables efficient parameter estimation and simulation of plausible ensembles, it
ultimately inherits the assumptions and constraints of the underlying statistical model. Applications across
a broad range of fields such as epidemiology, hydrology, or materials science are feasible, although they

may require tailoring the data generation strategy and retraining.
5.10 Conclusion

We introduce LatticeVision, a global, image-to-image (I12I) framework for the estimation and emulation
of non-stationary spatial processes. By representing both the spatial fields and parameters as images, we
use 12] networks to estimate all parameters simultaneously, in a single forward pass. We also develop a
novel pipeline for generating non-stationary training data. We show that I2I networks demonstrate
improvements in accuracy, robustness with few replicates, estimation speed, and ability to capture
long-range, anisotropic correlations, as compared to local approaches. We pair I12] parameter estimators
with the LatticeKrig SAR model, enabling fast simulation of large ensembles for non-stationary spatial

data.
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CHAPTER 6
A NON-STATIONARY, AMORTIZED, TRANSFER LEARNING APPROACH FOR MODELING

ITALIAN AIR QUALITY

Modified from a paper submitted to Spatial Statistics !.

Alessandro Fusta Moro?'34 Antony Sikorski*®, Daniel McKenzie®, Alessandro Fasso 7, Douglas Nychka®

6.1 Abstract

Air quality monitoring in Italy relies on sparse, irregular, ground-based stations that provide
high-quality but incomplete measurements of pollution. Chemical transport models (CTMs) offer full
spatial and temporal coverage but smooth over local variability. We develop a spatial transfer-learning
framework that integrates these two data sources to produce daily, fine-grid predictions of nitrogen dioxide
(NOg2) concentrations across Italy for 2023, with uncertainty quantification. The resulting maps provide a
resource for decision making in downstream applications such as epidemiology and environmental policy.

Our approach builds on the geostatistical LatticeKrig framework, which uses compactly supported basis
functions and coefficients governed by a sparse precision matrix. We learn a nonstationary, anisotropic
correlation structure from the gridded CTM outputs using an image-to-image neural architecture that
estimates millions of spatially varying parameters in a matter of seconds. The basis-function representation
enables this covariance structure to be transferred to the point-level station data and projected onto a finer
prediction grid, a key extension for handling the change of support between data sources. A
likelihood-based refinement step then adjusts the correlation range to recover fine-scale variability
smoothed out by the gridded data. The proposed methodology results in a flexible, non-stationary, and
anisotropic representation of the spatial process, better accommodating the complex geography of Italy.
Performance is assessed through experiments on both gridded CTM outputs and point-level station

measurements, demonstrating improvements over the stationary formulation.
6.2 Introduction

Air quality in Ttaly has been a persistent scientific and political concern due to the high concentrations

of atmospheric pollutants regularly detected by Italian and European pollution monitoring systems.
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Northern Italy is particularly affected: high anthropogenic presence results in emissions from traffic,
industrial activity, and livestock farming, which are subsequently trapped by the surrounding mountain
ranges [119, 120]. This has prompted the European Union to open repeated infringement proceedings
against Italy for not meeting air quality standards. Beyond regulatory considerations, a deeper
understanding of air pollutant concentrations is critical to furthering studies in public health [121, 122],
COVID-19 [123, 124], and urban planning [125]. Among regulated pollutants, nitrogen dioxide (NOs) is
considered to be one of the most hazardous. Short-term exposure to high concentrations is associated with
lung inflammation and airway irritation, while long-term exposure has been linked to chronic respiratory
illnesses [126]. The serious consequences of the pollutant motivate the improvement of methods for
characterizing the spatiotemporal distribution of its concentration.

Networks of ground-based monitoring stations provide high-quality, point-level measurements of air
pollutant concentrations and are widely regarded as reliable observational data. However, these networks
are inherently biased and irregular in space, with station locations often concentrated in areas with high
population density. Coverage is often limited in rural regions and complex terrain, and the set of active
stations varies over time due to maintenance or operational constraints. Numerical chemical transport
models (CTMs), such as the Community Multiscale Air Quality (CMAQ) model developed by the U.S.
Environmental Protection Agency [127], and reanalysis products that combine ensembles of CTMs with
observational data through data assimilation, such as the European air quality reanalysis produced by the
Copernicus Atmosphere Monitoring Service [128] (CAMS), can provide a large-scale view of air pollution
dynamics. These models simulate atmospheric transport and chemical processes using emissions inventories
and meteorological inputs, producing spatially and temporally complete pollutant concentrations on
regular grids. Although CTM outputs offer uniform spatial coverage and capture large-scale spatiotemporal
dynamics, their relatively coarse resolution can lead to bias or over-smoothing at local scales.

In this work, we develop a scalable, transfer-learning framework that allows us to integrate the gridded
CTM outputs with irregular, point-level monitoring data. The CTM outputs are used to inform a prior
covariance that is subsequently adjusted when fitting the spatial model to point-level data. Our ultimate
objective is to produce accurate, daily estimates of NOy concentrations on a fine grid over all of Italy, for
the year 2023. Achieving this goal introduces three methodological challenges. First, the spatial domain
and temporal frequency imply very large datasets that lead to computational bottlenecks for classical
Gaussian process methods. Second, Italy’s geography includes coastlines, mountain ranges, and
heterogeneous emission regions, motivating a flexible, non-stationary, and anisotropic model. Third, we
must explicitly accommodate the change of support between gridded CTM output and point-level stations

in a way that preserves interpretability and allows prediction on a target fine grid.
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We choose to model the NOy concentrations using the LatticeKrig framework [1, 3], a basis function
method that provides an efficient Gaussian process approximation. The framework uses sparse linear
algebra in key matrices to enable working with large spatial data, and the use of basis functions allows for
interpolation and prediction across different spatial supports. Additionally, the LatticeKrig model allows
for highly flexible, nonstationary, and anisotropic covariance function through the direct specification of a
sparse precision matrix. Although this flexibility is attractive, it introduces a substantial inference
challenge: the need to estimate a large number of spatially varying covariance parameters. As maximum
likelihood estimation (MLE) is computationally prohibitive at the scale considered here, we adopt the
LatticeVision framework [129], which uses an amortized, neural, image-to-image (I2I) estimation approach.

The change of support problem is explicitly addressed by two key extensions. First, we extend
amortized parameter estimation [43] to the change-of-support setting by incorporating the basis-function
representation of the original LatticeKrig formulation into the LatticeVision parameter estimation pipeline.
This extension is essential for change-of-support problems, as the basis functions allow for the transfer of
information across different spatial resolutions and supports. In our application, we transfer information
between CTM fields and point-level station data, as well as predict onto fine grids. Second, we introduce a
likelihood-based refinement that adjusts the covariance structure when transitioning between data sources.
In our setting, the CTM outputs capture large-scale dependence but tend to under-represent local
variability. We therefore treat CTM-derived anisotropy parameters as informative at regional scales and
adjust the local correlation range using station data, combining amortized neural estimation for large,
regular grids with likelihood-based refinement for smaller, irregular spatial data.

The remainder of the paper is organized as follows. Section 6.3 reviews related literature on
change-of-support modeling, spatial data fusion, scalable Gaussian processes, and neural parameter
estimation. Section 6.4 describes the station, CTM, and auxiliary covariate datasets. Section 6.5
introduces our statistical model and the nonstationary LatticeKrig formulation, along with the neural
parameter estimation approach. Section 6.6 presents CTM-based parameter estimation and associated
experiments. Section 6.7 applies the proposed method to the station data, including cross-validation and
fine-grid prediction. Section 6.8 concludes with a discussion and directions for future work. All of the
supplementary code and data used for the experiments in this paper are publicly available at

github.com/afustamo/Italy AQ-amortized-transfer-learning.
6.3 Related Works

The need to integrate spatial data sources that do not share the same spatial support is often referred

to as a change-of-support problem (COSP; [130]). The transition from point-level data to gridded areal
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data, and vice versa, was initially addressed through the use of block kriging [16, 131]. Subsequent data
fusion approaches interpreted measurements collected over different spatial supports as distinct
observations of the same latent process. In the context of air pollution, [132] expanded upon this approach
with a Bayesian framework, estimating the true process from station measurements and CTM outputs.
More recently, a closely related approach was adopted by [133], who investigated NOs concentrations in
Italy during the COVID-19 pandemic. However, Bayesian techniques often involve substantial
computational costs, mainly due to complex posterior distribution computation. A second line of
methodology aimed at integrating information collected over different spatial supports relies on
regression-based approaches. Here the response variable is represented by the most reliable measurements
(i.e., ground monitoring stations), and covariates consist of additional information sources such as climate
variables and CTM outputs. These covariates are often characterized by higher uncertainty but broader
spatial coverage. These methods are commonly referred to as calibration approaches [e.g., 134-137]. To
account for local discrepancies between ground-based measurements and gridded data, spatially varying
regression coefficients have been introduced [134-136].

More recently, other approaches have emerged that incorporate machine learning techniques to predict
ground-level concentrations from CTM outputs or satellite observations. These include tree-based methods
[138-140] and neural networks [141]. Although satellite observations have been shown to improve
performance in some settings, their overpass times for Italy typically occur during periods of low traffic and
correspond to daily minima of NOs concentrations, making them less representative of daily average
pollution patterns. Our approach is most closely related to the transfer-learning framework of Gong et al.
[142], in which gridded CTM outputs inform a prior covariance that is subsequently adjusted when fitting
the model to point-level data.

Beyond change-of-support considerations, the spatial domain and temporal frequency in modern
environmental problems often comprise large datasets that lead to computational bottlenecks for classical
Gaussian process methods [18, 19]. A substantial literature addresses scalability through approximations
and sparse representations, including Vecchia-type factorizations [143, 144], covariance tapering [12, 145],
spectral representations [146], low-rank methods such as fixed-rank kriging [147], SPDE/GMRF
formulations [14, 148], and lattice-based models [1]. Heaton et al. [71] assessed many of these techniques in
a competition, where the application of the models to the same case study enabled a fair comparison
among them.

Big environmental data often exhibit nonstationarity due to heterogeneous terrain and complex
meteorological drivers. Modeling this structure requires estimating many spatially varying parameters,

rendering classical maximum likelihood estimation computationally infeasible at scale. Neural parameter
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estimation has recently emerged as a powerful alternative to MLE, where the cost of training the neural
network is amortized by its repeated use [42, 43]. Initial approaches for large domains relied on local neural
estimators, which used simple dense or convolutional networks to infer parameters at each location or
subsection of the domain independently, effectively assuming local stationarity [e.g., 44, 49, 50, 52, 53, 92].
Recent work has leveraged the observation that in regularly gridded settings, both ensembles of spatial
fields and their corresponding spatially varying parameter “fields” can be represented as images with
multiple channels [129, 149]. The LatticeVision framework uses this representation to move beyond local
estimation and instead use modern I2I (image-to-image) architectures such as vision transformers to
estimate thousands of spatially varying parameters across the entire domain in a single forward pass. Our
work builds most directly on this line of research, extending it to explicitly handle change-of-support

settings.

6.4 Data
6.4.1 Air quality data

We use two complementary sources of NOs concentration data: observations from air pollution
monitoring stations and outputs from chemical transport models. The station data are obtained from the
AQCLIM dataset [150], an open-access resource which contains daily measurements of air pollutant
concentrations across Italy in the years 2013-2023. The AQCLIM dataset is derived from observations
provided by the European Environmental Agency (EEA) air quality monitoring network and processed
into a cleaned, harmonized format suitable for statistical analysis. In this study, we focus on daily mean
NO3 concentrations for the year 2023. An example daily realization (April 13, 2023) is shown in Figure 6.1.
It is important to note that the monitoring network is not fixed over time, as the set of operating stations
may vary slightly across days.

The second source of NOy concentrations is derived from an ensemble of data assimilation systems that
rely on Chemical Transport Models (CTMs). CTMs combine emission data with external factors such as
wind, temperature, and humidity to simulate the behaviour of air pollutants in the atmosphere.
Observations from satellites and monitoring networks are also assimilated into these systems as additional
information. We refer to this source as “CTM data” throughout the remainder of the paper. The CTM
data are sourced from the Copernicus Atmosphere Monitoring Service [128] (CAMS), providing hourly
average concentrations of various pollutants on a complete, uniform 0.1° x 0.1° grid across the European
continent. For this study, we compute daily mean NOs concentrations for the year 2023 over the spatial
domain covering Italy, spanning longitudes 6.1° — 18.8°E and latitudes 35.2° — 47.9°N. An example

concentration field for April 13, 2023 is shown in Figure 6.1. In addition to NOg concentrations, we also
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use a variety of covariates which are described in the following section.
6.4.2 Additional covariate data

The chosen meteorological variables represent external drivers of atmospheric transport and dispersion,
and are commonly used in air-quality modeling studies [e.g., 120, 151]. We obtain these covariates from the
ERAS5 family of reanalysis datasets [152], which are generated by the European Centre for Medium-Range
Weather Forecasts (ECMWF). We use ERA5-Land [153] as our primary data source, which provides hourly
land-surface variables at a spatial resolution of 0.1° x 0.1° and is produced by downscaling the original
ERADS fields. In regions not covered by ERA5-Land, such as coastal areas and small islands, we fill the
gaps with ERAS5, which provides hourly atmospheric and land-surface variables at a 0.25° x 0.25°
resolution. From these data products, we find the daily averages for temperature, relative humidity, surface
solar radiation, wind speed, and boundary layer height. An example temperature field for April 13, 2023 is
shown in Figure 6.1.

Air pollutant concentrations are largely driven by emissions from ground-based sources. To capture
such information, we use the CAMS-REG-ANT dataset [154], a gridded anthropogenic emission inventory
for Europe based on national emission reports. National totals are spatially distributed onto a 0.05°x0.1°
grid using auxiliary information such as facility locations and land-surface typology. We combine the
annual gridded emissions with detailed temporal profiles from the CAMS-REG-TEMPO dataset [155],
which provides sector-specific temporal profiles at monthly, weekly, daily, and hourly scales. Combining
these two datasets enables the extension of annual totals to daily estimates. We select daily values of NO
emissions (NO + NOs) as a key covariate, as primary emissions from ground-based sources are dominated
by NO, which is converted to NO; in the atmosphere due to the presence of volatile organic compounds.
An example emission field for April 13, 2023 is shown in Figure 6.1.

Atmospheric NOy concentration is closely related to elevation. Low elevation, enclosed regions such as
the Po Valley are prone to pollutant accumulation, while high elevations tend to exhibit lower concentrations.
We obtain an elevation covariate from the Copernicus Digital Elevation Model (DEM), originally
available at 10m?, and aggregate it by averaging to the same spatial resolution of the final prediction
grid (i.e., 0.05°x0.05°). Together, these seven covariates characterize known, large-scale drivers of NOy

concentrations, and will be incorporated into the linear mean component of our spatial modeling scheme.
6.5 Methods

In this section, we develop a statistical framework for data fusion in which the objective is to model an

underlying spatio-temporal latent process. We observe this process through two distinct data sources:
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sparse, irregular point-level measurements from monitoring stations, and spatially complete numerical
model outputs defined on a coarse regular grid. Both are treated as noisy observations of the same latent
field, but differ in spatial support and measurement error structure. Our approach follows a
transfer-learning strategy: first, we learn the large-scale, nonstationary, and anisotropic spatial correlation
structure from the gridded data using an image-to-image (I2I), neural estimator. We then transfer this
structure to the geostatistical model when fitting to the point-level observations, allowing for an additional

refinement to account for the change of support problem.

1 2 5 10 15 20 25 35 50 -10 0 10 20

ug/m3 °C mg/m2

Figure 6.1 From the left: NOs concentrations from ground monitoring stations, NOy concentrations from
chemical transport models, temperature from reanalysis (ERA5 datasets), NO,, emission fluxes from
CAMS-REG-ANT. Data for Italy, on 13th April 2023.

6.5.1 The Latent and Observed Processes

Consider a real-valued spatio-temporal latent process defined over a continuous spatial domain and
discrete time (i.e., {y:(s) :s € S C R%,t € T C NT}). For a spatial location s € S and day t € T, y:(s)

follows an autoregressive model where
Yi(s) = pe(s) + cwyi—1(s) + gi(s), (6.1)

where p;(s) represents the exogenous fixed effects, cyy;—1(s) captures the temporal dynamics, and g:(s) is
a mean zero spatial process. The exogenous fixed effects are modeled as p;(s) = x;(s) T 3,, with covariates
x¢(s) and regression coefficients 3,. The residual spatial field g:(s) is modeled as a Gaussian process

gt(+) ~ GP(0, C;) where the covariance function, Cy(s,s’), is allowed to be nonstationary and anisotropic.

We observe two distinct processes, z,fl)(s) and 2

it » that provide noisy measurements of the latent process,

each observed on a different spatial support and subject to its own measurement error.
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The process zt(l)(s) is a sparse and irregular point process that is observed at n; spatial locations that

can vary with t. We let
2 (s) = wi(s) + ¢ (s) (6.2)

(1) (2)

where ¢; ' (s) ~ N(0,72) is an independent measurement error term. In complement, z;¢ 1s regularly

gridded and has no missing values. The process zz(zt) is spatially defined on a discretised domain S¢ made of

non-overlapping areal units A4;, and S = Ufil A;, (le., 8T'={A; cS:i=1,...,N}). The process zl@t)

represents areal data and is defined as the areal averages
1
zfi) =— [ wy(s)ds+ EE? (6.3)

where ) ~ N(0,£2) is an error term.

6.5.2 Data Fusion and Change of Support Problem

Data fusion and change of support problems (COSP) arise from the relationship between point-level

(1)

data z,/(s) and areal data zfzt) Given the full spatial and temporal coverage of the areal data, we aim to

(2)

transfer information from z;¢ to the point-level model, thus improving our understanding of the hidden

process. Specifically, we use areal data to learn the spatial correlation structure and transfer it to the
point-level model as a prior estimate of the covariance function. The connection between z,gl)(s) and 21(2,5) is

detailed in Appendix C.1 and a brief description is provided here. The model for the areal data can be

written as
2% =% B+ e+l (6.4)
with
m(i) =Gitt+ 61(? + atagi)fl, (6.5)

)

where %; = [A;| 7! [, x4(s)ds and gy = |A;|~! [, g:(s)ds. Therefore, 77% captures the spatial

component and the error term, in particular the collection 77£2) = (77522 e ,nj(\?’)t)T ~ N(0, 27(73)) with

2 =5, + I(€2 + a2¢2 ). Elements of the matrix 3, correspond to the covariance between all pairs g ;
and g;;. From nt(2) parameters of X5, are found using a neural estimator, discussed in Section 6.5.4.
To establish the connection between areal and point-level data, we decompose y;(s) into the areal

average ¥; ¢ and a residual term 1, (s) that captures the fine-scale variability that is smoothed out by areal

averaging. Specifically, for any s € A;,

ye(s) = Yi,e + e(s), (6.6)
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where 4 (s) ~ GP(0,Cy, (s,s’)) and Cy, is a covariance function such that Cy, = f(Cy,). The point-level

model can be rewritten as

2(s) = %] ,8, + =2+ 0l (s), (6.7)
with
ngl)(s) =Git+ sgl)(s) - atsz(?_l + (), (6.8)

where nt(l)(s) ~ GP(0, C,(,})). The form of 07(,}) is described in Appendix C.1. In summary, both the
point-level covariance function C,(,}) (+,-) and the areal covariance matrix 27(7%) encode the same large-scale
spatial structure determined by Xj,, justifying a transfer learning approach between the two data sources.
Moreover, for a sufficiently small |A4;|, the resulting covariances are approximately equivalent. In the case
of larger |4,], Eg) does not include the short-range structure from Cy,. As it is unclear whether |4;] is
sufficiently small in our application, we account for this effect by estimating an additional parameter in the

point-level model, as detailed in Section 6.5.7.
6.5.3 The Non-stationary LatticeKrig Model

The LatticeKrig model specifies a GP through an efficient basis-function representation with coefficients
governed by a spatial autoregression (SAR). These ingredients result in spatial dependence being controlled
by a sparse precision matrix and provide scalable computations for large spatial data. By the LatticeKrig
)T

specification, the spatial component g;(s) becomes ®(s) ' c¢; and the model for the true latent process for a

single day becomes:

yi(s) = x4() " By + cryi—1(s) + (s) e, (6.9)
where ®(s)T = (#1(s), ..., ¢m(s)) are the set of basis functions evaluated at location s and
¢ =(c1g,--- ,cm’t)—r are the coefficients. For ease of exposition, we consider a single day, omitting ¢ from

our notation.

The basis functions ¢;(s) are compactly supported, radially symmetric Wendland functions centered at
m lattice locations {u;}72; € S, and the coefficients satisfy ¢ ~ N(0, Q~1), where Q is the sparse precision
matrix. The precision matrix @ is specified through a spatial autoregressive (SAR) representation. Given a
sparse linear operator B and a random vector e ~ N (0, I), we construct the distribution of ¢ such that
Bc = e. Thus, the operator B is a SAR matrix that decorrelates the coefficients to white noise. In the
stationary case, the rows of the matrix B are filled according to the five-point stencil

-1
—1[4+r%]-1. (6.10)
-1
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The entries of the stencil determine the nonzero coeflicients in each row of B: the center value corresponds
to the diagonal entry, the four off-center values correspond to the immediate neighbors on the lattice, and
all remaining entries in the row are zero. Here, x? controls the correlation range for the spatial domain. By
linear statistics, ¢ ~ N(0, (BT B)™1), thus the corresponding precision matrix Q = BT B is also sparse.

For the LatticeKrig model, nonstationarity and anisotropy are achieved by expanding the SAR stencil
to second order neighbors and allowing the stencil weights to vary across the domain. Specifically, we allow
the diagonal and off-diagonal entries of B to depend on interpretable and spatially varying parameters
6(u), p(u) and k2(u). Unlike prior work by Sikorski et al. [129] and Wiens et al. [41], these parameters
vary across the lattice of basis functions centers {u;}2,, rather than the spatial locations {si}X¥,. At each
basis-function center u;, the parameter x%(u;) controls the correlation range (i.e., a larger x£?(u;) means
smaller correlation range), the parameter p(u;) controls the degree of anisotropy (e.g., p(u;) =1
corresponds to isotropy at u;), and 6(u;) controls the direction of anisotropy. The anisotropy parameters
are used to build the rotation matrix ¥(u) and the anisotropic scaling matrix A(u),

v = [ty ] = [V 3, @1
Ve(a)

which are then used to create the 2 x 2 dispersion matrix: D(u) = ¥(u)" A(u)¥(u). The entries of B in

the nonstationary case are filled according to the new spatially varying nine-point stencil

Di2(u) _ —Di.2(u)
5 Ds,5(u) 5
—Dl,l(u) 14,2(11) + 2D1,1(11) + 2D2,2(u) —D171(u) . (612)
=D —Ds32(u) Dig)

This formulation retains computational advantages, specifies a rich class of non-stationary and anisotropic
GPs, and avoids the difficult specification of an analytical covariance function. Another key advantage is
that the spatially varying parameters are interpretable and can yield physical insights into the spatial
dependence of the field. At each basis-function center, u;, we can represent the combination of the
parameters as an elliptical dependence contour, where the orientation is governed by 6(u;), the aspect ratio
is controlled by p(u;), and the overall size is controlled by x%(u;). It is important to note that this
specification is with respect to the SAR, and when the implied covariance is evaluated, the interplay
between these elliptical profiles can result in very complex and flexible spatial dependence structures.
However, the estimation of the resulting, spatially varying parameter fields (k2, p, @) is a challenging
inference problem, especially for large datasets. Fitting the model directly via maximum likelihood or
Bayesian methods is not feasible. To address this problem, we use the amortized, neural parameter
estimation strategy from the LatticeVision framework [129]. Here, a neural network learns a global

mapping from ensembles of spatial fields to the associated parameter fields. This approach enables fast and
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accurate one-shot estimation of the parameters in seconds and is described in the following sections.
6.5.4 Neural Parameter Estimation

We use the neural, image-to-image (I21) estimation strategy from the LatticeVision framework.
Specifically, we use the STUN estimator, which is a hybrid architecture that combines the U-Net and
Vision Transformer architectures to leverage both the convolution and attention mechanisms. The key
feature underlying this approach is that both the input (spatial fields) and the output (parameter fields)
are naturally arranged on a regular grid and can therefore be treated as images [129]. This method has
been shown to outperform local neural estimators with simpler architectures in both computational
efficiency and accuracy. Additionally, these 121 architectures are amortized. Training them takes significant
computational resources, but this cost is recouped upon deployment, as the trained net maps an ensemble

of spatial fields directly to spatially varying parameter fields in a single forward pass.
6.5.5 Training Procedure

We follow the synthetic data generation and training procedure of [129] with a few key modifications.

In brief, we sample from scientifically motivated spatial pattern priors to generate three parameter fields
P = [HQ’p’O]T7

on the basis function lattice {u}7";. We stack the parameter fields along the channel dimension, treating
each field as an image, yielding a target tensor P € R3*"uXwu where hy * wy = m. These parameter fields
define a nonstationary SAR matrix B, as described in Section 6.5.3. To create training inputs, we draw

independent white-noise vectors e(®) ~ A/(0,I) and solve the linear systems
Bc®) = ek, E=1,...,r,

yielding coefficient vectors ¢*) ~ A(0, Q1) with precision matrix Q = BT B. Each coefficient vector is

then mapped to a spatial field via the LatticeKrig basis expansion
9P (s) = (@c™)(s),

producing r independent realizations that share the same underlying nonstationary and anisotropic
covariance structure. Following [129], we standardize these realizations: for each pixel, we subtract its
mean and divide by its standard deviation across the r replicates, resulting in each pixel having zero mean
and unit variance. Stacking the r simulated fields yields the input tensor

G = [9(1) . g(r)} € R7*haxwa where hy *ws = N. Given an input G, our STUN estimator is trained

to minimize a pixelwise regression loss between the predicted (13) and true (P) parameter images.
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6.5.6 Implementation and Evaluation

For simplicity, we align the basis function lattice and the data grid, so both the input spatial fields and
output parameter fields have size hg x wgqg = N = hy * wy = m = 128 % 128. When creating the target
parameter images P, the parameter values are sampled from the following range: p € [1,7], 0 € [-F, T),
and log(x?) € [—9.2,2.3] (with x? € [107%, 10] represented on a log scale during training and evaluation for
numerical stability). These parameter values were chosen to capture a broad range of spatial relationships,
ranging from isotropy (p = 1) to very elongated dependence ellipses (p > 1) in any direction. The upper
bound of x? is set to 10 to include shorter correlation ranges in the data. We choose an ensemble size of
r = 30 replicates within each input G, and following the procedure in [129], we generate an entirely
synthetic dataset with 20,000 training pairs (G, P). We use the 90/8/2 (train/validation/test) split,
resulting in a test set of 400 synthetic data samples, which we use to verify the accuracy of our estimator.
All remaining implementation details are provided in Appendix C.2.

Table 6.1 summarizes validation performance of the neural estimator across all pixels with several
standard image regression metrics. We find that STUN recovers all parameters with high accuracy,

supporting its use as an efficient surrogate for exact, likelihood-based inference.

Table 6.1 STUN parameter-estimation performance (all true vs. predicted pixels) on held-out test data.
Here, NRMSE is computed relative to the range (max - min) of parameter values. Relative error is
summarized by the median and is reported as a percentage. Arrows indicate the desirable direction.

Parameter RMSE | NRMSE| MAE| R21 Median Rel. Err. |

log(x?) 0.2169 0.01884 0.1317  0.9898 6.87%
0 0.0896 0.02987 0.0509  0.9832 6.89%
p 0.3912 0.06521 0.2779  0.9227 5.17%

6.5.7 Extensions for Data Fusion and Change of Support Problem

To address the change-of-support problem (COSP) arising from the integration of areal and
point-referenced data, this work introduces two key extensions to the amortized neural estimation
framework in [129]. First, we make use of the compactly supported basis functions in the original
LatticeKrig formulation, with the SAR being applied to the coefficients. The basis functions enable the
transfer from gridded to point-level data, along with interpolation to finer grids. Second, we allow for the
refinement of the parameter x2, which controls correlation range, when transferring information from the
regularly gridded data to the point-level observations, as discussed below.

The initial estimates of the parameter fields for a particular day P = [227 D, 5]—'— are first obtained from

the regularly gridded data using STUN. To adjust for the change of support, we assume that the
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correlation range should decrease because the coarse, gridded data is likely to over-smooth the fine-scale

structure that is present in the point-level data (see Section 6.5.2 and Appendix C.1).

Therefore, we supplement the initial estimate of k* with an additional, stationary term K%Oin“ which is
estimated from the point-level data. The adjusted estimate of k2 is then
~2 ~2 ~2
K’adj =K + wﬂpoint (613)

where the weights w € R™ can be chosen to allow heterogeneous adjustments. In this paper, point-level
data are only present on land. Accordingly, we set w(u) =1 for basis-function centers located on land and

w(u) = 0 for centers located over the ocean, where no point-level observations are available. Since the

point level data is available at a small number of observations n., the additional fiiomt parameter is
estimated via MLE. Regarding anisotropy, we assume the initial estimates are sufficiently informative, thus

we do not adjust p and 6.

6.6 Application to Numerical Model Outputs

6.6.1 Parameter Estimation

The CTM outputs are formatted to a regular 0.1° x 0.1° grid over longitudes 6.1°-18.8°E and latitudes
35.2°-47.9°N. Here, {A;}Y, denotes the collection of non-overlapping grid cells and N = 128 % 128. For
each day in 2023, ¢t € {1,...,365}, the CTM field is identified as the areal process {zl(zt) ™, where each
zl(zt) corresponds to the grid-cell value over A;. All covariates are also aligned to this grid. When a
covariate is available at a different resolution, we upscale to the CTM grid resolution by averaging (e.g.,
elevation and emissions) or downscale via nearest-neighbor resampling (e.g., ERA5 where ERA5-Land is
unavailable). To isolate the residual spatial process g; : for parameter estimation, we fit and then subtract
the conditional mean model for each day. Specifically, the mean of our process is the ARX(1) regression,
described in Eq. 6.4, composed of )‘(Z By + atzft)_l, where X;; includes an intercept, latitude, longitude,
and the seven covariates described in Section 6.4.2, and zq(zt)_l is the lagged NOg concentration from the
numerical model. The choice to include lagged NOy values as a covariate is motivated by a well-known,
strong AR(1) behavior in air pollutant concentrations [156].

We assume the residual spatial process evolves slowly and smoothly over time. This is supported by the
structure of our mean model: the AR(1) term removes the bulk of temporal autocorrelation, while
covariates such as wind speed and boundary layer height account for much of the daily variation in
anisotropic parameters, leaving residuals that are largely driven by slower seasonal patterns. Neighboring
residual fields can therefore be treated as pseudo-replicates from a common distribution, allowing for more

accurate parameter estimation and stable covariances. We therefore adopt a moving window strategy,

including the 15 days before and the 14 days after the day selected, constructing ensembles of r = 30
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residual fields

Gt c R30>< 128x128

)

which are centered at day ¢. To avoid temporal boundary effects at the beginning and the end of 2023, we
extend our time coverage to the last 15 days of 2022 and the first 14 days of 2024. To align with the
synthetic data procedure, within each ensemble G, the 30 residual fields have been standardized pixel-wise.
The zero-mean and unit variance fields are then used as the multi-channel input image to STUN. Following
Section 6.5.6, we align the grid cells and the lattice of basis function centers, so the parameter fields are

estimated on a 128 x 128 lattice of basis-function centers. For each day t, STUN outputs
~ SO
Pt — [K'taptaot]—r c R3X128><128'

Overall, this amounts to 365 % 128 % 128 x 3 = 17,940,480 parameter values that must be estimated. The
amortized nature of our estimator means inference is extremely fast: on a single GPU, STUN executes 365
forward passes to estimate all 17,940,480 parameter values in just 4 seconds (averaged over 30 trials).

Hardware details can be found in Appendix C.2.
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Figure 6.2 2023 annual averages of CTM-based parameter estimates. Top row from left to right: the
average CTM NO,, field, elliptical dependence contours overlaid on an elevation (m) map of the full
domain, and a zoomed-in view of enlarged ellipses over land only. Bottom row from left to right: annual
averages of STUN estimates &2, 6, and p.

Qualitatively, the resulting parameter estimates exhibit physically plausible spatial structure. Figure 6.2

summarizes spatial patterns through 2023 annual averages of the NOs field, the estimated parameters, and
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elliptical contours representing the average local dependence structure. The inferred range fields {Ef} vary
smoothly at large scales while preserving sharp transitions near coastlines, with generally shorter ranges
over land and longer ranges over surrounding water. The anisotropy fields {p,} and {ét} highlight
directional dependence aligned with major geographic features: we observe pronounced anisotropy and
consistent orientation patterns in the Po Valley, along the Adriatic Sea, and following maritime routes.

Systematic changes in dependence structure are also evident near complex terrain such as mountain ranges.
6.6.2 CTM Reconstruction Experiment

Having obtained parameter fields for each day of 2023 from STUN, we assess whether these
nonstationary parameters improve predictive performance. To do so, we design a controlled reconstruction
experiment using the CTM data. This experiment mirrors our later application to monitoring station data,
but with the advantage that, unlike monitoring station data, the full CTM NOs fields are known. For each
day, we mask out all grid cells except those coinciding with locations where monitoring stations exist. On
the 128 x 128 CTM grid (16,384 pixels), this leaves 483 pixels (approximately 3%) as observed locations,

with the remaining pixels treated as missing and used for evaluation.
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Figure 6.3 CTM NOs reconstruction experiment for April 13, 2023. From left to right: the actual CTM
NO- field, masked data used for model fitting (pixels at locations with stations), the full prediction from
the non-stationary model, and the difference between the true and predicted field.

We then predict the full CTM NO, field from sparse observations under different covariance
assumptions. Figure 6.3 illustrates the true field and the masked data for a representative day. We
compare two models. First, we fit a stationary, isotropic LatticeKrig model to each day. The mean

function of this stationary model is fit using the ARX(1) structure described in Section 6.6.1. The model
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uses the same single-resolution basis construction with m = 128 % 128 basis functions as the nonstationary
model, and the covariance structure is governed by a single global range parameter x2, estimated by
maximum likelihood. This stationary Gaussian process model serves as a baseline, and is representative of
standard approaches in spatial statistics. Second, we fit the nonstationary, anisotropic LatticeKrig model,
again using the same mean structure and CTM NOy data, with covariance structure governed by the
STUN-estimated spatially varying parameter fields 22, p, and 6 from Section 6.6.1.

Across the year, the nonstationary model achieves a lower reconstruction RMSE for the held-out pixels
on 267 of 365 days, corresponding to an overall RMSE improvement of 3.2%. The relative improvement
exhibits a seasonal structure, as the nonstationary model tends to outperform the stationary model more

strongly during colder months, where daily RMSE improvements can be as large as 22.8% (see Figure 6.4).

30
L

— 15

- 10

%

- 05

L 00

Longitude Longitude

Figure 6.4 Left: time series of daily RMSE percent differences ((nonstationary / stationary - 1)x100). A
solid black line illustrates equality in both cases, while the pink line is a GAM-based fit with a cyclic cubic
spline basis (20 basis functions), chosen to capture seasonal structure in the temporal trend. Dots below
the black line indicate days on which the nonstationary model outperforms the stationary one. Center:
difference in pixel-wise RMSE (nonstationary — stationary); negative values indicate locations where the
nonstationary model outperforms the stationary model. Right: the pixel-wise nonstationary RMSE divided
by the local annual mean NO; concentration to show relative errors.

In absolute terms, the nonstationary model achieves an RMSE of 1.093 ug/m? compared to 1.137
pg/m? for the stationary model. Spatially, the largest relative reconstruction errors tend to occur in
mountainous regions outside Italy and along major shipping routes, where emissions are highly variable
and Italian monitoring stations are not present. In contrast, errors across Italy remain very small. The
difference map in the center panel of Figure 6.4 shows that the nonstationary model achieves lower RMSE
than the stationary model in key regions, including the Po Valley and areas with sparse or nonexistent
station coverage. Overall, the results of this experiment provide an argument for the use of

STUN-estimated parameters for the subsequent application to monitoring station data.
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6.7 Application to Ground-based Measurements

For 2023, a total of 744 monitoring stations in Italy reported at least one daily NOs measurement. To
ensure sufficient spatial coverage for reliable inference, we restrict our analysis to days with at least 250
active stations, yielding 349 valid days. The omitted 16 days exhibited a sharp decline in network coverage,
with several days providing only a few dozen observations. Additionally, we utilize only “background”

stations and remove anomalous measurement values (> 80 pg/m?).
6.7.1 Model Estimation

Similarly to Section 6.6.2, we fit three different models of increasing complexity for each of the 349
days. The first two models are those used in the reconstruction experiment in Section 6.6.2. The first
model is the stationary, isotropic LatticeKrig model with a single global range parameter estimated by
maximum likelihood. The second is the nonstationary, anisotropic LatticeKrig model that uses the
STUN-derived parameter fields estimated from the CTM data in Section 6.6.1, but without further
correlation range adjustment. The third and most flexible model improves the CTM-informed covariance
with an additional range refinement term using the method described in Section 6.5.7. Specifically, when

fitting the model, we define the final x2 field as

~2 ~2

Kagi = Berm + Whi A (6.14)

where Ry is the parameter field previously estimated from CTM data using STUN, and Khpa isa
single parameter that reduces the correlation range and is estimated from the station data by maximum
likelihood. The weights w € R™ are specified such that w(u) = 1 for basis-function centers located on land
and w(u) = 0 otherwise.

The temporal correlation tends to be strong across all models, with estimated values of &; consistently
exceeding 0.8. Regarding spatial correlation, we analyze the changes in the range parameter between the
stationary model and the adjusted non-stationary one. The comparison is made across both space and
time, and is restricted to land cells where the adjustment occurs. From a temporal perspective, we
compare the daily average of {Egdj(u) cw(u) = 1} against the daily value of #2,,. Figure 6.5 shows the
time series of their log-scale differences (log(#3,,,) — meany(log(~24;(u)))), demonstrating that the
nonstationary model exhibits a larger average correlation range on most days. This is likely due to the lack
of flexibility permitted in the stationary model, causing it to artificially shrink the correlation range to
avoid imposing dependence. From a spatial perspective, we compute the log-scale difference (i.e.,

log(#2,,;) — log(Eidj(u))) at all basis-function centers on land, averaged over all 349 valid days, and

visualize the result as a map in Figure 6.5. The largest differences are concentrated in the Po Valley and
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along the coastline, where the nonstationary model captures the expected longer-range, anisotropic
correlations that are characteristic of these areas. In contrast, both models produce similar correlation

ranges in mountainous regions, where complex terrain shrinks the range.
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Figure 6.5 Differences between the range parameters estimated by the stationary model and the adjusted

non-stationary one, restricted to basis-function centers on land. Left: daily log-scale differences between the
stationary range parameter and the spatial average of the nonstationary one. The dotted line indicates the
mean difference of 0.8. Right: annual average of the daily log-scale difference at each basis function center.

To demonstrate the effect of different correlation parameters between the two models, Figure 6.6 shows
the estimated spatial components from both models for a representative day. The nonstationary model
tends to produce a markedly smoother spatial component, which more coherently follows the underlying
geographical patterns across the Italian peninsula. This is especially evident in the Po Valley, which
appears as a more homogeneous region, in contrast to the localized “patchy” structures observed in the

stationary model. Moreover, a larger correlation range in the sea induces a greater effect along the coast.

6.7.2 Cross-validation

We also assess how well the different models reproduce observed NOs concentrations at monitoring
locations via 10-fold cross-validation, performed separately for each of the 349 eligible days. For a given
day, the available stations are randomly partitioned into 10 approximately equal folds. Each model is then
iteratively fit to 90% of the stations, and concentrations are predicted at the remaining 10%. We do not
employ spatial stratification for the assignment of folds, as the set of active stations changes daily, and
coverage can be highly uneven, which would result in imbalanced folds and unstable error estimates.
Instead, we use random partitioning, ensuring each fold contains a comparable number of observations.

Because the number of available stations varies by day, we report aggregated performance metrics for all
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days below in Table 6.2, with additional diagnostic figures provided in Appendix C.3.
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Figure 6.6 Estimated spatial component on November 1, 2023. Left: stationary model. Right: adjusted
nonstationary model

As expected, all three spatial models perform near equivalently in aggregate, as station locations are
frequently clustered together, reducing the ability to distinguish differences in model performance. This
behavior is also consistent with existing literature on the effect of nonstationarity on predictive
performance [157]. Moreover, the stationary LatticeKrig model is already highly flexible with a large
number of basis functions (128 % 128), making the margin for improvement inherently small. Nevertheless,
the correlation range refinement step systematically improves upon the original non-stationary model, and

the adjusted non-stationary model achieves the lowest RMSE.

Table 6.2 RMSE, 95% Prediction Interval Coverage Probability (PICP), Mean 95% Prediction Interval
Width (MPIW). Arrows indicate the desirable direction.

Model RMSE | PICP (95%) MPIW |
Stationary 6.544 94.030% 23.845
Nonstationary 6.550 94.037% 24.038
Nonstationary (adjusted)  6.530 94.022% 23.826

6.7.3 Prediction to Fine Grids

We use the adjusted nonstationary model to generate spatially complete, daily maps of NO,
concentrations across all of Italy. For each of the 349 retained days, the fitted model is used to predict the
latent daily mean field on a finer 0.05° x 0.05° grid (255 x 255 pixels) over the same spatial domain

(longitudes 6.1°-18.8°E, latitudes 35.2°—47.9°N). All covariates are aligned to the prediction grid via
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nearest-neighbor resampling, except for elevation, which is aggregated by averaging from its native higher
resolution. This fine-grid prediction is made possible by embedding the STUN-estimated parameters
within the LatticeKrig basis-function framework, rather than treating them as a strict GMRF on the
observation grid. Because the basis functions ®(s) can be evaluated at any spatial location s, predictions
are obtained on an arbitrarily fine target grid simply by evaluating g(s) at the new locations, with no
re-estimation of the covariance parameters. This decoupling of prediction resolution from estimation
resolution is a direct consequence of extending LatticeVision to incorporate basis functions.

To accompany the predictions with measures of uncertainty, we perform conditional simulation from
the fitted Gaussian process. We generate 1,000 conditional draws, producing an ensemble of simulated
fields that exactly respect both the fitted covariance structure and the observed station data. Pixelwise
summaries of uncertainty, such as the posterior standard error, are then computed directly from this
ensemble. The resulting predictions and standard errors for a representative day are shown in Figure 6.7.
As expected, uncertainty is lowest in areas with dense station coverage and increases in topographically

complex regions such as the Alps, rural areas with few nearby observations, and the sea.
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Figure 6.7 Fine-grid predictions for November 1, 2023. Left: posterior mean NOy concentration (ug/m?)
on the 0.05° x 0.05° prediction grid. Right: posterior standard error (ug/m?) derived from a 1,000-member
conditional simulation ensemble.
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It is important to note that the computational cost of prediction is modest. Generating the full
fine-grid posterior mean for a single day requires 25 seconds on average, meaning the complete set of 349
daily maps can be produced in under three hours. Conditional simulation incurs a one-time required setup
with the same computational cost as prediction (25 seconds), and each subsequent draw takes less than 2
seconds, allowing for very large ensembles to be generated. The resulting daily concentration maps and
their associated uncertainty fields constitute a spatially complete, fine-resolution record of surface NOo
over Italy, suitable for downstream applications in epidemiology, urban planning, and environmental policy

assessment.
6.8 Discussion

In this work, we introduce a spatial transfer-learning approach for combining sparse, irregular,
point-level observational data with gridded, spatially complete numerical model outputs. The underlying
spatial dependence structure is first estimated from the regularly gridded data and then transferred to the
observation-level model. We apply this methodology to daily NOs concentrations over Italy, using
monitoring-station observations and chemical transport model (CTM) outputs to produce spatially
complete concentration maps on a fine prediction grid, while retaining an interpretable covariance model
and providing rigorous uncertainty quantification.

Our approach builds on the LatticeKrig formulation, which represents a Gaussian process through
compactly supported basis functions with coefficients governed by a sparse precision matrix, enabling
scalable inference over large spatial domains. We address the change-of-support problem using two
strategies. First, we expand amortized neural parameter estimation by explicitly incorporating the
basis-function representation into a LatticeVision-style estimation pipeline. This allows the covariance
structure that is learned from the regularly gridded CTM outputs to be transferred to point-level
observations and subsequently projected onto a finer prediction grid. Second, we introduce a
likelihood-based refinement step for the correlation range parameter when transitioning between areal and
point-level data sources. In our application, we expect that the CTM outputs capture large-scale
dependence and anisotropy but tend to smooth over fine-scale variability. Treating the CTM-derived
anisotropy parameters as informative, we refine the local correlation range using station data, conditioning
on the nonstationary, anisotropic correlation structure learned from the gridded data.

We apply this framework to both areal and point-level data. The CTM reconstruction experiment
provides the most reliable way to evaluate predictions off of station locations. In this case, the
nonstationary model achieves the best performance, with the strongest gains occurring during colder

months. When applied to the point-level measurements, the adjusted non-stationary correlation range is
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larger than the stationary one, especially in the Po Valley and along coastlines. The different correlation
structure is well demonstrated by the estimated spatial fields: the adjusted non-stationary process tends to
show smoother behavior, which more coherently follows the underlying geographical and spatial patterns
across the Italian peninsula. Moreover, the cross-validation scheme demonstrates the value of the
correlation range refinement. Although cross-validation can be useful to assess predictive skill, in this
application we feel it has limited value. This is due to the clustering of urban stations and the changing
number of daily reporting stations.

Beyond point prediction, a key outcome of the proposed framework is the ability to generate spatially
complete daily maps with uncertainty quantification. Using conditional simulation under the fitted
nonstationary LatticeKrig model, we produce ensembles of plausible NOy fields on a 0.05° x 0.05° grid,
enabling pixel-wise uncertainty summaries and uncertainty propagation for derived spatial quantities. The
resulting uncertainty maps exhibit intuitive spatial patterns, with low uncertainty in regions of dense
monitoring coverage and increased uncertainty in topographically complex or observation-sparse areas.
Both predictions and conditional ensembles for uncertainty quantification incur minimal computational
expense.

Future research could explore several extensions to the framework proposed in this paper. First, while
temporal dependence is incorporated in the mean through an ARX(1) specification, a more sophisticated
handling of the temporal trend could reduce uncertainty and improve prediction on days with sparse
station coverage. Second, although we focus on a single-resolution LatticeKrig model for clarity, this
framework naturally extends to a multi-resolution construction. Including several resolutions results in
covariance functions that more closely approximate standard families such as the Matérn. Third, the
likelihood-based refinement step currently adjusts only the correlation range parameter; extending this
refinement to additional parameters may improve predictive performance on observational data. Finally,
more flexible weighting schemes in the refinement step based on station density, distance to observations,

or terrain characteristics could be explored to improve localized adjustments.
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CHAPTER 7
MULTI-RESOLUTION NON-STATIONARITY WITH LATTICEKRIG

The previous chapters of this thesis have introduced the capabilities of the LK model in successive
stages of complexity. In Section 2.4, the stationary, isotropic single-layer model is introduced, with the
multi-resolution component detailed in Section 2.4.1. The model is then extended to anisotropy and
non-stationarity in Chapter 4, but only a single layer is used. In this chapter, we demonstrate the full
flexibility of the LK model by combining these extensions. We introduce the multi-resolution, anisotropic,
non-stationary LK model, opening the door to future research in which significantly more complex

phenomena could be modeled.
7.1 Non-Stationarity and Anisotropy across Multiple Resolutions

In Chapter 4, the single-layer LK model was generalized to accommodate anisotropy and
non-stationarity by introducing three spatially varying parameter fields k2, p, and 0 defined at the lattice
of basis-function centers {u; };":1 These fields define the spatially varying nine-point stencil in Equation
(4.4). Separately, in Section 2.4.1, the stationary multi-resolution model was expressed as the sum of L

independent layers,

L my

9(8) =D > crydes(s), (7.1)

(=1 j=1
where the marginal variance ay weights the contribution of each layer ¢. In the combined model, each layer

my
j:l)

¢=1,...,L has its own lattice of basis-function centers {uy) on which the spatially varying
parameters £2(u?), ps(u'?), and 6,(u)) are defined. These parameter fields construct the corresponding
layer’s SAR matrix By.

To provide even more flexibility, the layer’s scalar «y is promoted to a field ay, subject to the constraint
that Zle ag(uy)) =1 at each center. This allows the contribution of each layer itself to vary across the
spatial domain. When working with real data, this allows for even more flexibility, as in some regions of
the hypothetical domain, the finer resolutions of the model may provide a better estimate of the process,
while in others it is desirable for the larger scales to dominate. Although this is partially allowed by a
non-stationary, single-layer model, the combined model expands the capability even further. The resulting

precision matrix that determines the spatial dependence for all coefficients in the model then has a block

diagonal structure such that
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Here, for notational simplicity, each layer’s marginal variance field has been written as a diagonal matrix
Ay = diag<\/ ag(ugf)), c/ ozg(ugf,l)) € Rmexme and M = ZKL:1 my. In the case where each ay is set to
be constant across its lattice, Ay = \/ay In,, and each diagonal block reduces to (1/ay) B,Zr By, recovering
the block-diagonal form for the precision matrix in Equation (2.12). In this combined model, the full
precision matrix () remains sparse, as each diagonal block has the same sparsity pattern as a single-layer
non-stationary precision matrix, retaining the computational advantages of the LK model. Analogous to
the experimental results in Chapter 6, the improvement in predictive accuracy from this model over the
single-layer non-stationary and stationary models is likely to be modest in practice. The main value lies in
more faithfully capturing the underlying spatial dependence and providing better-calibrated uncertainty
quantification.

The central challenge in this model, once again, is parameter estimation. Multiple notable difficulties
arise. First, there are simply more fields to estimate. Each of the L layers contributes four fields: three
parameter fields and the ay field. Second, the unit sum constraint of the marginal variances must be
enforced during the estimation procedure. Third, the number of parameters (size of the fields) that must
be estimated within each layer grows rapidly as each successive, regularly spaced lattice quadruples in size.
This requires a capable estimator that not only estimates a huge number of parameters, but can also
jointly estimate the parameter fields at varying resolutions. Finally, the number of layers L is itself a
modeling choice that varies across applications, and any practical estimation procedure must accommodate

this. Potential directions for addressing some of these challenges are discussed in Chapter 8.
7.2 Demonstrating Non-Stationary, Multi-Resolution Layer Weighting

In this section, we demonstrate the capability of the model to vary the marginal variances ay(u) across
the lattice, which allows the contribution of each resolution to differ across the domain. This opens the
door to modeling non-monotonically decaying covariances, in which the correlation between two points
does not strictly decrease with their separation distance. One prominent example where this capability can
be of use is in modeling teleconnections in climate science. Teleconnections are long-range dependencies
between geographically distant regions, often caused by atmospheric or oceanic circulation patterns (e.g.,
the influence of El Nifo on weather variability across North America). This was identified as a target

capability for future work in Chapter 5, but could not be produced by the earlier LK model that was
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chosen in that work. The full code for this demonstration can be found in the examples within the
nonstationaryModels.Rd documentation file in the LatticeKrig package.

We consider a two-layer model on the domain [—1,1] x [—1,1]. The first layer has a 20 x 20 lattice of
basis-function centers {ug-l)}, and the second has a 39 x 39 lattice {ugz)}. Realizations are evaluated on a
128 x 128 prediction grid. Since the effect of spatially varying 2, p, and # has already been demonstrated
in Chapters 5 and 6, we set the parameter fields to the “constant” pattern (full pattern details in Appendix
B.2) for simplicity. This way, the non-stationarity in the final spatial fields is caused entirely by the

weighting in the {ozg}eL:1 fields. The layer-wise parameter values are:

Table 7.1 Parameter values for each layer of the multi-resolution model.

Parameter Layer 1 Layer 2

K? 0.01 4
p 5 40
0 —7/4 /4

For demonstrative purposes, we build the combined model in stages. Figure 7.1 shows a realization
from the first layer in isolation, alongside the model covariance with a chosen location at the center of the

domain, (0,0). The small x? and moderate p produce a smooth, long-range correlation structure.

1.0 . . . . 1.0

Figure 7.1 Left: Realization of the spatial process from the first layer. Right: Covariance with the point
(0,0).

Figure 7.2 shows the result of introducing the second layer with constant marginal variance,
a1 = ag = 0.5 everywhere. The finer scale of the second layer adds higher-frequency structure to the
realization, and the covariance with (0,0) inherits a smaller, elliptical structure that is perpendicular to

that of the first layer.
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Figure 7.2 Left: Realization from the two-layer model with constant, equal marginal variances
a; = ag = 0.5. Right: Covariance with the point (0,0).

We now construct spatially varying marginal variance fields (o, a2). The fields are designed so that
the first (smoother, longer-range) layer dominates on the left half of the domain, the second (finer-scale)
layer dominates on the right half, and the two contribute equally in a small region in the top-right corner.
Specifically, a;(u) is set to 1 on the left, tapers sharply to 0 on the right, and is set to 0.5 in the top-right

region, with as(u) + a1 (u) = 1, Vu to enforce the unit-sum constraint. The resulting fields are shown in

Figure 7.3.
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Figure 7.3 Left: Marginal variance field a; for the first layer. Right: Marginal variance field oy for the
second layer. By construction, a;(u) 4+ as(u) = 1 at every center.

It is important to note that the second-layer marginal variance field appears at the same visual

resolution as the first, despite being defined on a finer lattice. This is a consequence of choosing a model
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with two layers. With three or more layers, more variation in the finer marginal variance fields becomes
possible. Figure 7.4 shows a realization of the resulting final process in which the marginal variance fields

are introduced into the two-layer model, alongside the covariance with the reference point (0,0).

1.0

0.5 1.0

Figure 7.4 Left: Realization of the spatial process from the combined, multi-resolution model with
non-stationary marginal variance fields. Right: Covariance with the point (0,0), showing a secondary peak
in the top-right corner where the first layer dominates.

In previous work, such as the LatticeVision framework in Chapter 5 and Chapter 6, the covariance was
limited to decaying monotonically with distance. Here, we have successfully surpassed that limitation, as
the covariance instead exhibits a secondary peak in the top-right corner of the domain, where both layers
of the model contribute equally. In a sense, we have created a synthetic “teleconnection”, where the chosen
location at (0, 0) is more strongly correlated with the distant top-right region than with intermediate
locations. Although the two layers in this example were individually stationary, the combined process is
non-stationary purely due to the introduction of spatially varying marginal variances. Further increasing
the flexibility of the model by introducing non-stationarity into the parameter fields x2, p,, and 6, or
increasing the number of layers (> 2), can enable the modeling of even more complex, multi-scale

dependence structures seen in real data.
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CHAPTER 8
CONCLUSIONS AND DISCUSSION

The three papers comprising the main, technical contributions of this thesis, presented in Chapters 3, 5,
and 6, are self-contained works with their own conclusions that will not be repeated here. Instead, this
chapter is reserved for broader discussions about the future directions of this research, and some personal
remarks regarding the path that led to here. For the impatient or more tradition-abiding reader who would
still like a brief recap of the three papers, I have asked Anthropic’s Claude AI model [158] to produce a
quick, concluding summary in quotes below. This choice is itself on theme, as I strongly believe (and will
argue for below) that the spatial statistics community should more readily embrace large, deep learning

models, including this one.
8.1 A Conclusion in the Words of a Language Model

“This thesis set out to develop fast, accurate methods for modeling large and increasingly
heterogeneous spatial data. The recurring obstacle has been computational: the Gaussian process, while
flexible and interpretable, becomes intractable for even moderately sized datasets, and the difficulty
compounds once the assumptions of stationarity and isotropy are relaxed. The unifying thread of this work
has been to confront these bottlenecks by integrating the sparse LatticeKrig framework with tools from
numerical computing and modern deep learning, while preserving the interpretability and uncertainty
quantification that make statistical models valuable in the first place.

In Chapter 3, we addressed a bottleneck internal to basis function methods, introducing two fast
algorithms, one approximate and FFT-based, the other exact and built on Kronecker structure, that
dramatically reduce the cost of the normalization required for stationarity. In Chapters 5 and 6, we
confronted the central difficulty of non-stationary modeling: estimating large fields of spatially varying
parameters. By treating both spatial fields and their governing parameters as images, we adapted
image-to-image neural networks to estimate entire parameter fields in a single forward pass, replacing
intractable likelihood-based inference and moving beyond the locality restrictions of prior estimators. We
then extended this approach to the change-of-support setting, fusing gridded model outputs with sparse
station data to produce fine-resolution maps of nitrogen dioxide over Italy with rigorous uncertainty
quantification. Finally, in Chapter 7, we demonstrated the full flexibility of the model by combining
non-stationarity, anisotropy, and multiple resolutions, capturing structures such as teleconnections that lie

beyond the reach of standard stationary covariances.
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Taken together, these contributions reflect a broader stance: that the classical strengths of spatial
statistics and the computational power of deep learning are complementary rather than competing. The
statistical model supplies interpretable parameters, principled uncertainty, and a generative structure for
simulation, while the neural and numerical methods supply the speed to fit that structure at scale. It is my
hope that the methods developed here serve as a useful step toward spatial models that are at once fast,

flexible, and faithful to the data they aim to describe. ”
8.2 Future Directions for this Research

As stated previously, a methodological position of mine that has been formed over the course of my
research is that those who wish to solve current problems with big, spatial data should more readily
embrace modern deep learning architectures. It is quite common to see papers in spatial statistics
restricted to smaller data and still arguing for the adequacy of MLPs or simple CNNs with a tiny number
of parameters compared to modern NNs. A common objection that I have heard about large NNs is that
they are uninterpretable black boxes. This objection carries little weight in the present setting: a small
network is already a black box, and one gains no interpretability by shrinking a neural estimator, only a
less capable one. Even a model with only 1,000 parameters will not have its weights manually combed
through by the statistician who uses it. If the estimator is to be a black box in either case, it may as well
be a powerful one, with proven accuracy on data it has never seen before. A second, more subtle cost of
restricting oneself to small networks is that one never gains a sense of the achievable lower bound on
estimation error. When a small network performs poorly, it is difficult to determine whether the task is
genuinely difficult or misspecified, or whether the model simply lacked the capacity to learn it. A larger,
more expressive estimator helps disentangle these two possibilities, and provides a more honest picture of
how much signal the data actually contain.

In the spirit of embracing larger, more modern NNs, a direct application of this position is the
extension of the LatticeVision framework (Chapters 5 and 6) to estimate the full set of fields introduced in
the multi-resolution, non-stationary model of Chapter 7. Rather than estimating a single set of parameter
fields, such an estimator would need to produce parameter fields at multiple resolutions simultaneously,
along with the layers’ marginal variance fields {ay}. Architecturally, this is feasible: a decoder could
output estimates at several of its convolutional layers, naturally matching the quadrupling resolution of
each successive layer of the LK model. Additionally, the marginal variances would need to be constrained
to sum to one at each basis-function center. Generating the necessary data to train such a model would be
considerably more costly, as one would need a larger training dataset in which some of the fields themselves

are significantly larger to accommodate the finer scales in a multi-resolution model, yet this is still feasible.
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A further difficulty is handling the number of layers L, which is a modeling choice rather than a parameter,
and which a single trained network cannot easily vary. Arguably the most difficult component is
equifinality: with multiple layers contributing at different resolutions, distinct sets of parameter fields may
generate samples that match the training data equally well, making the estimation target inherently
non-unique. As demonstrated in Chapter 6, all of this added flexibility may yield only modest
improvements in prediction error. The main benefit to this extension would be to capture more complex
structures such as teleconnections, which are crucial when modeling climate data over sufficiently large
domains.

More broadly, the observation that spatial fields can be treated as images suggests that the spatial
statistics community has much to gain from the rapid progress in computer vision. Architectures developed
for two- and three-dimensional image data map naturally onto spatial fields of the same dimension, and
video models, designed to capture dependence across both space and time, are a natural fit for
spatiotemporal data. Importing and adapting these architectures, rather than reinventing smaller versions
of them, is a promising avenue for future research.

Finally, the work in Chapter 6 surfaced an important difficulty that is often overlooked: evaluation.
Demonstrating that the non-stationary model outperformed the stationary one was challenging due to the
structure of the data, which was irregular in both space and time. Since the monitoring stations collecting
the data clustered in urban areas, and the set of reporting stations was subject to daily changes, assessing
the performance of the models with traditional cross-validation would likely result in folds that were
unbalanced and uninformative. Under these conditions, standard predictive metrics struggled to detect
differences between models that were otherwise clearly visible in the estimated spatial fields. In a sense,
this is a limit of the argument above. A more capable model is of little use if one cannot reliably measure
how much better it is than its predecessor. Developing evaluation schemes better suited to sparse,

irregular, and inconsistent spatial data remains a promising direction for future, related research.
8.3 A Personal Reflection

A perceptive reader may notice that, despite this being a thesis for a PhD in Statistics, the words
“sigma algebra”, and in fact, any measure-theoretic probability, are not explicitly mentioned. This is not
an accident, and it reflects something I came to understand in the later years of this degree: the knowledge
required to conduct research at the intersection of spatial statistics and machine learning overlaps only
partially with the knowledge required to pass core courses and qualifying examinations in current PhD
programs. While the core curriculum of the program provided me with a strong foundation in probability,

vector spaces, and mathematical statistics, applied courses that focused on topics such as machine learning,
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distributed computing, computational linear algebra, and practical modeling proved to be more useful in
both my research and my time in industry. In fact, a great deal of what proved most useful in this work, I
had to seek out on my own, outside of formal coursework.

Some readers may wonder how a thesis that begins with Gaussian processes and sparse linear algebra
arrives at vision transformers, and how that transition occurred within a statistics program. For me, this is
where learning outside of the classroom was key. The most decisive step in this transition was deceptively
simple: I built a neural network from scratch, following the freely available text of Nielsen [159]. This guide
aided me in implementing backpropagation “by hand” before ever relying on a deep learning library, and
encouraged me to never do so again. Following this demystification, a neural network ceased to be a
gate-kept, poorly explained, intimidating black box and became only slightly more mysterious than the
linear models I had been comfortable with for years. Although this implementation was only for a simple
MLP, it became easy to see how more advanced architectures were primarily engineering tweaks, and the
core concepts remained the same. I would encourage any statistician who is skeptical of modern machine
learning, finds it foreign and poorly explained, or wishes to be more employable outside of academia, to go
through a similar process. Much of “statistics” and “machine learning” is separated by an unnecessary line

in the sand, and the methods, perspectives, and people in each have a great deal to offer the other.
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APPENDIX A
NORMALIZING BASIS FUNCTIONS

A.1 Further details on solving the screened Poisson equation

Recall that the equation we wish to solve is
—Avg + K2vg = 1s(2). (A.1)

Assuming vs (respectively 1)s) is absolutely integrable, it may be expressed in terms of its Fourier

transforms, s (resp. z/?s):

= //R2 2™ (W) dw and Ys(z) = //R2 ezﬂz'wd}s(w)dw- (A.2)

We substitute these expressions into (A.1), transforming the differential equation to an algebraic one in the

frequency domain:

—27T'LZU.) ~
> o) = [, e )

by the “shift” property of Fourier transforms:

@)= [[ e sin= [[ wila—sleredn = @) (A6)

where ¢)(-) is the Fourier transform of ¢(-). Returning to (A.5), we may rewrite the solution as

7271'1(5 z)w _
//R? 1wl —— ¢ (w)dw (A.7)

A.2 Software Integration

In order to set up a model in LatticeKrig, one typically creates an LKrig object, in which they define

2 number of buffer points, overlap, and normalization choice.

critical parameters such as k
One can choose between all three normalization options by simply modifying: LKrigSetup(.. .,
normalize = TRUE, normalizeMethod = "option",...). The options for the normalization method are
“exact”, “exactKronecker”, or “both”. The “exact” option selects the default, slow normalization method,
and the “exactKronecker* option selects the Kronecker method. These will be used for each layer within a

multi-resolution model. The “both” option uses the combined approach, as described in Section 3.4.5.

Setting normalize = FALSE makes all options irrelevant, and does not normalize the basis functions. The
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implementation in LatticeKrig provides defaults for this strategy, along with examples and help files to
illustrate software details. The development version can be found on
github.com/antonyxsik/Normalization-Paper. The LatticeKrig package is freely available on the

CRAN repository for R cran.r-project.org/web/packages/LatticeKrig/.
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APPENDIX B
LATTICEVISION

B.1 Anisotropic SAR Derivation
B.1.1 The Matérn Covariance

Under the Matérn family, Equation (5.1) takes the form:

1—-v

C(s,s') =0 i‘(y)

where T'(+) is the gamma function, and /I, (-) is the modified Bessel function of the second kind.

(Ealls = 8" (kplls = s'I)), (B.1)

B.1.2 Isotropic SAR

In two dimensions (s € R?), with v = 1, Equation (5.2) can be written as
(5% — A)g(s) = W(s), (B.2)

where A = 92 /02% + 92 /0y? is the Laplacian operator. Let the domain be covered by a square lattice with
unit spacing. We denote g; ; = g(s; ;) at grid point s; ; = (¢,7), 4,5 € {1,..., N}. Using second order

central-difference approximations for the Laplacian yields
—Agij ~ [49i5 = giv1,j = Gi-1j — Gij+1 — Gij—1)- (B.3)
Substituting (B.3) into (B.2) results in
(K +4) gij — (giv1j + gim1j + Gij+1 + Gij—1) = € (B.4)

where e; ; denotes the discrete version of the noise W at location (4, j). Equation (B.4) can be visualized in

lattice notation using the following stencil:

0] -1 |0
—1[K2+4] -1 (B.5)
0] -1 ]0

illustrating the isotropic relationship between g; ; and its neighboring locations.
B.1.3 Anisotropic Extension

To incorporate geometric anisotropy we replace the Laplacian in (B.2) by the generalized Laplacian

V - DV, where the positive-definite dispersion matrix D € R?*? is

_q 0
D = RTAR, g |0 —smOl e 00 (B.6)
sinf cosf 0 7
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Here, R is a rotation matrix parametrized by 6 and A is a scaling matrix parametrized by p. For a constant

D the anisotropic SPDE becomes
(k> =V -DV) g(s) = W(s). (B.7)

Using unit grid spacing and second-order central differences for the second—derivative terms,

V-DVyg,; = Di1(git1,; — 26i; + gi—1,5) + D22(gij+1 — 2955 + Gij—1)
D1

+ T’[giﬂ,jﬂ —9i+1,j—-1 — Gi—1,5+1 T 9i71,j71]~ (B.8)

Substituting the above expression into (B.7) results in

(ﬁz +2D11 + 2D2,2)9i,j — D11(git1,5 + 9i-1,5) — D2.2(gij+1 + gij—1)
Dy

- T[gi+1,j+1 —9i+1,5—1 — Gi—1,5+1 +gi—1,j—1] = €4,5- (B-9)

Equation (B.9) corresponds to the 3 x 3 stencil

D D
21*2 7D272 _ 2112
— Dy, | K2 +2D1, +2D25 | — Dy (B.10)
Dl 2 1,2
P _ D el
9 2,2 9

One incorporates non-stationarity by allowing D and x? to vary in space, as shown in Equation (5.3).
B.2 Non-Stationary Data Generation Details

The synthetic data generation pipeline for the 121 networks constructs parameter fields for x2(s), p(s),

and 0(s). The parameters have the following prior distributions:

T

k%~ 0.6logU(107%,2) +0.4U(1074,2), p~U(1,T), 0~U(-5.3)

(B.11)

Each parameter field is independently created by selecting one of several spatial patterns, sampling
associated hyperparameters from prior distributions, sampling parameter values for the maxima and

minima of the field, and optionally stacking two patterns to increase complexity.
B.2.1 Spatial Patterns

We design eight simple yet expressive spatial patterns p(s), intended as caricatures of realistic
geophysical variability. Here we express p as a generic value for x2, p, or §, our pattern’s associated
hyperparameters as €2, and the x and y coordinates on the grid as s;,s,, respectively.

Constant: Uniform value across the domain.

e Functional Form: p(S) = Pconstant, Where peonstant 1S a constant sampled from the prior.
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Coastline: A sharp sigmoidal boundary, perturbed by sinusoidal ”bumps”.

e Functional Form:

Phigh — Plow
T T oxp (708, — v(5))) (B.12)

where v(s;) = as; + Bsin(2nws;) + €, and Piow, Phigh are the lower and higher of the two

p(S) = Plow +

independently sampled parameter values, dictating the maxima and minima of the pattern.

e Hyperparameters: Q = (o, 8, w, ), sampled from
a~U(-2,2),8~U(0.1,0.5),w ~U(0.4,3),and v ~ U(3, 50).

Taper: Smooth transition between two values, based on a Gaussian CDF.
e Functional Form:
P(S) = Plow ¥ (sz + 5430, 0) + Puigh (1 — ¥(sz + 543 0,0)) (B.13)
where ¥(-) denotes the standard normal cumulative distribution function (CDF).
e Hyperparameters: 2 = o, with o ~ 4(0.05,1) controlling the sharpness of the transition.
Bump: A single, smooth, Gaussian peak.

e Functional Form:

si +s2
p(S) = Pconstant + ay exXp <_ Al Y (B14)

e Hyperparameters: & = (ay, A1), with a; controlling the peak height and A; controlling spread. In all
cases A\ ~ U(0.2,0.5), while a; varies. When making a x2(s) field, a; ~ ¢4(0.1,0.5). For p(s),
a; ~U(0.1,1.5), and for 0(s), a1 ~U(0.1, 7).

Sinwave: Periodic variation along one spatial axis.

e Functional Form:

(B.15)

(s) Deonstant + asin(rws,), (horizontal)
s) =
P Peonstant + @ cos(mws, ), (vertical)

e Hyperparameters: = (a,w, orientation), where w ~ U(1.5,5), orientation is sampled uniformly
between horizontal and vertical, and a is constrained to stay within the bounds of the parameter one

is constructing a field for.
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Double Bump: Superposition of two independent Gaussian peaks located at different positions.

e Functional Form:

(So — Il)Q;Z (sy — yl)z)

Sz*$22 Sy*22
o =) 4 y)) (B.16)

p(S) = Dconstant 1 @1 €XP <_

+ ag exp <

e Hyperparameters: Q = (a1, a2, A1, A2, 1, Y1, T2, Y2), with amplitudes, widths, and locations sampled
as previously described in the above “Bump” configuration, and with centers (x1,y1), (22, y2) being

randomly sampled locations within the spatial domain.
Double Coastline: Weighted superposition of two independent coastline patterns.
e Functional Form:
p(8) = prow + w1 Coastline; (s) + weCoastlines (s) (B.17)

e Hyperparameters: w; ~ U(0.1,0.9), wo ~ U(0.1,1 — wy), and each coastline has its own, independent

(a, B,w, ) parameters as described in the above “Coastline” configuration.

GP-Based: A smooth, stationary random field generated by a low-rank Gaussian process, either

min-max rescaled or perturbed around a constant.

e Functional Form: A realization from a Gaussian process, constructed via low-rank basis function

approximation:

Pmins Pmax rescaled field, (min-max scaling
pls) = { ( ) (B.18)

Deonstant X (1 £ g(s)), (perturbation scaling)

where g(s) is a normalized low-rank GP realization, peonstant iS & parameter value sampled from the
prior distribution, and pmin, Pmax represent the minimum and maximum of a parameter’s prior

distribution.

e Hyperparameters: € = (npasis, scaling choice), where npagis ~ U{6,7,...,32} controls the number of
basis functions used to generate the realization of the GP. The scaling choice is selected randomly:
either

— Min-max scaling: p(s) is rescaled to span the full prior range, or

— Perturbation scaling: p(s) is a small multiplicative perturbation around peonstant, With

perturbation magnitude drawn from a prior distribution.
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B.2.2 Pattern Stacking

To further increase the complexity of our fields, for each parameter field we randomly decide whether to

linearly combine two independently generated patterns. Given fields p;(s) and pa(s), the final field is
p(s) = wpi(s) + (1 —w)pa(s), w ~U(0.1,0.9) (B.19)

Stacking introduces complex non-stationarity patterns beyond those generated by a single functional form,

increasing the range of spatial patterns seen during training.
B.2.3 Resulting Synthetic Data

We repeat the process of selecting a pattern, sampling the pattern hyperparameters €2, sampling the
parameter values, and generating the resulting parameter field for x2(s), p(s), and 6(s). We then encode all
parameter fields into the SAR matrix B, draw white noise e ~ A (0, ) and solve By = e. We repeat this
for M independent draws of the white noise, resulting in a small ensemble Y = {y(™}M_,  with each field
having the same covariance structure. We process these synthetic fields identically to the way we process
the input ESM fields: we perform pixelwise standardization to ensure each pixel has a mean of 0 and a
standard deviation of 1. The non-stationarity in our problem does not allow for more sophisticated
normalization techniques [160], which either become computationally intractable, require a stationary
structure, or are not applicable in this setting. An example spatial field and its associated parameter fields

can be seen in Figure B.1.

B.3 Further Implementation Details
B.3.1 Data and Storage

All data generation is done in the R programming language on a laptop with an Intel(R) Core(TM)
i9-14900HX processor at 2.20 GHz, and 32GB of RAM. Fields are generated using the LatticeKrig
package, and data is compressed and stored using the hdf5 file format so it may be easily accessed in both
Python and R. Storage proves to be more of a bottleneck as compared to data generation time: the 121
dataset (8,000 samples with 30 replicates) required 8 hours and occupies 108 GB, whereas the CNN dataset

(80,000 samples with 30 replicates) is only 11 GB, and is generated in half an hour.
B.3.2 Training

All networks are implemented in PyTorch [161] and trained on a single NVIDIA RTX A6000 GPU. The
networks are trained using the AdamW optimizer [57] for 200 epochs with a step-wise learning rate decay

and early stopping after 10 epochs without validation improvement. We use mean squared error (MSE)
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loss, computed on normalized parameter values within the training loop. This avoids loss imbalance caused

by parameter scale differences while requiring less pre or post-processing from the user.
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Figure B.1 The first replicate in a training sample (top-left), and the accompanying parameter fields that
were used to generate it (remaining). In this instance, a Double Coastline pattern was used for x%(s), 0(s)
is the result of stacked Coastline and Double Bump patterns, and p(s) is created with a GP-Based pattern.
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B.4 Further Experiments with Simulated Data

In this section, Table B.1 contains the results of experimenting with different positional embeddings for
STUN and ViT. Table B.2 and Table B.3 contain the results of experimenting across a different number of
replicates M = {1,5,15,30} for all networks. In all tables, root mean squared error (RMSE), mean
absolute error (MAE), and normalized RMSE (NRMSE) are calculated, along with the structural similarity

index measure (SSIM) and peak signal to noise ratio (PSNR) in decibels (db) image comparison metrics.

101



Table B.1 Results on simulated test data across different types of positional embeddings for both STUN
and ViT. Best results for each architecture are in bold.

Net Embedding Param Metrics
RMSE | MAE | SSIM (tto1) PSNR 1 NRMSE |
K2 0.398 0.279 0.252 10.9 0.040
None ) 0.711 0.525 0.277 6.41 0.118
0 0.249 0.124 0.251 13.6 0.083
K2 0.393 0.274 0.275 10.8 0.040
Sinusoidal ~ p 0.913 0.723 0.294 3.61 0.152
ViT 0 0.280 0.143 0.253 12.4 0.094
K2 0.371 0.243 0.291 12.1 0.037
Learned p 0.920 0.715 0.288 3.30 0.153
0 0.351 0.193 0.235 9.83 0.117
K2 0.374 0.250 0.310 11.9 0.038
Rotary ) 0.625 0.465 0.337 7.01 0.104
0 0.204 0.103 0.328 15.1 0.068
K2 0.198 0.118 0.489 18.4 0.020
None p 0.311 0.213 0.548 14.2 0.052
0 0.096 0.046 0.604 21.7 0.032
K2 0.190 0.113 0.483 18.7 0.019
Sinusoidal ~ p 0.302 0.202 0.542 14.7 0.050
STUN 0 0.126 0.050 0.592 21.5 0.042
K2 0.204 0.122 0.462 18.0 0.021
Learned p 0.309 0.217 0.522 13.9 0.052
0 0.090 0.045 0.595 21.8 0.030
K2 0.189 0.117 0.469 18.4 0.019
Rotary ) 0.302 0.212 0.531 14.3 0.050
0 0.091 0.044 0.594 21.9 0.030
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Table B.2 Results on simulated test data across varying replicates for image-to-image networks.

Metrics
Net Reps Param
RMSE | MAE | SSIM (ftol) PSNR 1 NRMSE |
K2 0.195 0.125 0.447 17.6 0.020
1 P 0.354 0.250 0.534 13.1 0.059
0 0.111 0.052 0.571 20.8 0.037
K2 0.199 0.125 0.438 17.7 0.020
5 p 0.319 0.223 0.527 13.8 0.053
UNet 0 0.115 0.053 0.546 20.5 0.038
K2 0.180 0.110 0.503 18.9 0.018
15 P 0.294 0.207 0.592 14.6 0.049
0 0.102 0.044 0.628 22.3 0.034
K2 0.201 0.124 0.447 17.9 0.020
30 p 0.308 0.214 0.517 14.1 0.051
0 0.087 0.046 0.582 21.3 0.029
K2 0.471 0.303 0.296 10.5 0.048
1 p 0.771 0.588 0.328 5.36 0.129
0 0.237 0.113 0.323 14.3 0.079
K2 0.377 0.243 0.326 12.3 0.038
5 p 0.633 0.470 0.358 7.06 0.106
ViT 0 0.211 0.098 0.359 15.6 0.071
K2 0.354 0.229 0.324 12.6 0.036
15 p 0.594 0.425 0.350 7.73 0.099
0 0.206 0.099 0.340 15.4 0.069
K2 0.374 0.250 0.310 11.9 0.038
30 p 0.625 0.465 0.337 7.01 0.104
0 0.204 0.103 0.328 15.1 0.068
K2 0.189 0.124 0.470 17.7 0.019
1 p 0.351 0.243 0.535 13.3 0.058
0 0.097 0.047 0.593 21.3 0.033
K2 0.180 0.109 0.502 18.8 0.018
5 p 0.290 0.198 0.554 14.8 0.048
STUN 0 0.100 0.044 0.632 22.2 0.033
K2 0.188 0.114 0.483 18.6 0.019
15 p 0.303 0.209 0.551 14.4 0.051
0 0.102 0.047 0.589 21.6 0.034
K2 0.189 0.117 0.469 18.4 0.019
30 P 0.302 0.212 0.531 14.3 0.050
0 0.091 0.044 0.594 21.9 0.030
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Table B.3 Results on simulated test data across varying replicates for local CNNs.

Metrics
Net Reps Param
RMSE | MAE | SSIM (ttol) PSNR 1 NRMSE |
K2 1.01 0.637 0.069 4.64 0.101
1 P 1.39 1.09 0.02 -0.980 0.231
0 0.535 0.295 0.072 5.27 0.179
K> 0.983 0.547 0.129 6.97 0.099
5 p 1.03 0.760 0.052 2.02 0.172
CNN9 0 0.346 0.149 0.217 10.5 0.116
K2 0.949 0.512 0.160 7.81 0.096
15 P 0.962 0.689 0.070 2.90 0.160
0 0.330 0.135 0.300 11.3 0.110
K2 0.963 0.508 0.172 8.09 0.097
30 p 0.937 0.660 0.085 3.28 0.156
0 0.316 0.121 0.347 11.7 0.106
K2 0.766 0.480 0.086 6.45 0.077
1 p 1.27 0.960 0.026 -0.062 0.212
0 0.443 0.200 0.147 7.60 0.148
K2 0.828 0.443 0.169 8.52 0.084
5 P 1.03 0.714 0.081 2.75 0.171
CNN17 0 0.317 0.126 0.289 11.1 0.106
K2 0.730 0.377 0.222 9.94 0.074
15 p 0.939 0.614 0.123 4.00 0.157
0 0.266 0.097 0.411 12.0 0.089
K2 0.764 0.397 0.212 9.63 0.077
30 p 0.994 0.669 0.103 3.37 0.166
0 0.293 0.116 0.349 11.5 0.098
K2 0.806 0.488 0.111 6.81 0.081
1 p 1.28 0.949 0.036 0.164 0.214
0 0.418 0.179 0.215 8.21 0.140
K2 0.767 0.409 0.166 9.0 0.077
5 p 1.09 0.736 0.088 2.77 0.181
CNN25 0 0.340 0.124 0.316 10.2 0.114
K2 0.732 0.372 0.249 10.2 0.074
15 P 1.03 0.669 0.150 3.71 0.172
0 0.279 0.107 0.445 11.5 0.093
K2 0.743 0.378 0.256 10.1 0.075
30 p 1.03 0.676 0.144 3.55 0.172
0 0.272 0.106 0.434 11.8 0.091

B.5 Further Climate Application Results

We use data from three climate models: the Max Planck Institute Earth System Model at Low
Resolution (MPI-ESM 1.2LR), the Community Earth System Model (CESM1), and the European
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Community Earth System Model (EC-Earth3). We pass the standardized ensembles of temperature
sensitivity anomalies into each of our estimation networks: STUN, UNet, ViT, CNN25, CNN17, and
CNN9. Using the predicted parameters, we generate 1,000 synthetic fields from each model. Generation is
performed using the LatticeKrig R package [3], which accommodates cylindrical geometry and ensures the
correct treatment of spatial distances under the Mercator projection.

To evaluate how well each synthetic ensemble preserves the spatial correlation structure, we randomly
select 50 anchor locations and compute the corresponding 50 rows from each simulated ensemble’s
empirical correlation matrix. These are then compared to the 50 rows from the original ensemble’s
correlation matrix using root mean squared error (RMSE). We systematically pair each 121 network with a
local neural estimator of comparable rank (e.g., STUN vs. CNN25, UNet vs. CNN17), and compare their
RMSEs across the same anchor locations. As the anchor locations are fixed for all pairings, we conduct
paired t-tests between matched RMSEs to compare performance. Our null hypothesis for each paired
comparison is that the mean RMSE difference equals zero, Hy: pg = 0, where d = RMSE5; — RMSEcNN.
The one-sided alternative, Hy: ug < 0, states that the I12I emulator attains a lower RMSE than its CNN
counterpart. All tests are conducted with a significance level o« = 0.01. Results are summarized in
Table B.4. For eight of the nine comparisons, the null hypothesis is rejected and the 99% confidence
interval is entirely negative, demonstrating that 121 networks tend to produce significantly more accurate

correlation structure estimates than their corresponding local CNNs.

Table B.4 Paired t-test results comparing 12I-based emulators to corresponding CNN-based emulators on
average RMSE across the same 50 anchor locations. CI denotes the 99% confidence interval of the paired
differences.

Paired t-test metrics

Climate model Network Pair
H121 ~L Hlocal \L Hd 99% CI Pvalue
STUN vs. CNN25  0.202  0.210 —0.008 (—oo, —0.004] 2.2 x 106
MPI-ESM (192 x 96) UNet vs. CNN17 0.203 0.214 —0.011 (—o0, —0.005] 1.0 x 10-5
ViT vs. CNN9 0.208 0.247  —0.039 (—o0, —0.028] 7.1 x 1012
STUN vs. CNN25 0.229 0.243 —0.013  (—o0, —0.007] 1.1 x 106
CESM1 (288 x 192) UNet vs. CNN17 0.230 0.239 —0.008 (—o0, —0.004] 3.4 x 10-°
ViT vs. CNN9 0.228 0.244 —0.016 (—o0, —0.008] 5.9 x 106
STUN vs. CNN25 0.271 0.285 —0.014 (—o0, —0.005] 1.6 x 10~
EC-Earth3 (512 x 256) UNet vs. CNN17 0.275 0.288 —0.012 (—o0, —0.004] 2.7 x 10~
ViT vs. CNN9 0.283 0.304 —0.021  (—o0, 0.0003] 1.1 x 1072
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APPENDIX C
MODELING ITALIAN AIR QUALITY

C.1 Change of support

The latent process is defined on the continuous domain S C R?:
yi(s) = x:(8) "By + uyi_1(s) + gi(s), s€S, (C.1)

where g;(s) ~ GP(0,Cy,(s,s’)) and Cy,(-,-) is anisotropic and nonstationary. Observations from the

monitoring stations are considered as realizations of the point-level Gaussian process zt(l) () defined as

241 (s) = yi(s) + etV (s), (C.2)

where Egl)(s) ~ N(0,72),72 > 0. Data from the chemical transport model are considered as realizations of

an areal process representing imperfect measurements of areal averages of the latent process,

22 =gy +e8), (C.3)

where 5,52) ~ N(0,£2),£2 > 0 and ¥, ; represents the exact areal averages of the latent process in 4; C S
with Ufil A; = 8. The collection {4;}Y, induces a discretised spatial support S¢ that represents the

tiling of the domain. Every component of the latent process is also defined on this spatial support as

_ 1
he=ri7 [ wiss, (C4)
| Ail Ja,
B 1
Xit = x¢(s)ds, (C.5)
[Ail Ja,
_ 1
Git = —— g¢(s)ds. (C.6)
| Ail Ja,
The collection of these components on the limited set of tilings produces the vectors ¥y = (Y14, - - - ,ng,t)T
and g¢ = (g1, - ,gN,t)T where both ¥ and g; € RY. Covariates can be rearranged as a matrix
X = Ry y--- VXN t) € RP*N with p covariates. Thus, the areal latent process can be completely defined
on the discretised spatial support S? as
— <~ ! — _
yi =X, By + t¥e—1 + 8, (C.7)

where gy ~ N(0,35,). The elements of the matrix X3, correspond to the covariance between all pairs g; ;
and g; ¢, calculated as

1
(X5.)i; = COV(Girt, Gjt) = Cy, (s,8") dsds’. (C.8)
|AillA5] S a; x4,
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The different correlation structure between Cy,(s,s’) and ¥j, depends on the spatial resolution of the
tiling, as discussed below. Considering the i-th region A; and substituting in the areal model (C.3), the

process of areal data becomes

Zz(zt) = iiT,tﬁt + oq¥it—1 + Gix + 61(?, (C.9)
ZL(2t) =%, + at(zﬁ)_l - 51(',22_1) + it + 55? (C.10)
21(2,5) =x/,8, + oztzi(i),l + it + 52(',23 — ataﬁi),l, (C.11)
22 =x] 8, + )+, (C.12)
with
77§,2t) =Git + Ef-i) - atsf-i),l- (C.13)
Here, 77@(? captures the spatial component and the error term, in particular the collection

niz) (77522, . ,nﬁ?t)—r ~ N(0, 25,%)) and Eg,f) =Yg, + I(a}& | +&7)). From 17§2), we use the STUN

estimator to retrieve estimates of parameters for the covariance matrix ¥g,. These parameters are then
used to inform the point-level model (Equation C.2). Despite the temporal correlation in the error term
being induced by the first-order moving average, this is not modeled explicitly, as the analysis is performed
one day at a time. Moreover, the conditional variance VAR(nt(Q) | 17153)1) is less than or equal to the
marginal variance; therefore, considering the marginal variance does not introduce substantial error.
Regarding the connection between X5, and Cy,, for sufficiently small areal units |4;]|, the induced
covariance X, closely approximates the point-level covariance Cy,. However, as the support size increases,
Y5, progressively smooths out the short-range dependence structure. Therefore, when moving from areal
data to point-level data, we include a term that captures the local variability that is smoothed-out by the
averages. This term is assumed to follow a Gaussian process with short-range spatial dependence.

Specifically, the areal averages g, ; and the point process y;(s) can be related as
yi(s) = Jix +u(s),  s€ A, (C.14)

where 14 (s) ~ GP(0,Cy,(s,s’)) and Cy, is a valid covariance function where Cy, = f(C,,). We now derive
an explicit connection between the station measurements z,gl)(s) and the CTM areal data zfi)
Substituting Equation C.14 into the point-level model (Equation C.2), where i indexes the grid cell A;

containing location s, gives

Z0(s) = gis +i(s) +eu(s), seS (C.15)

2N (s) = %] By + i1 + Giy + n(s) + 4V (s), (C.16)

107



20(8) =%, By + (22— e ) 4 giw +bi(s) + e (s), (C.17)

2D(8) = %8y + @z 4 Gi — el + bu(s) + e (s). (C.18)

For ease of exposition, let

nt(l)(s) =Git+ Egl)(s) - atsg?fl + Ye(s), (C.19)

where nﬁl)(s) ~ GP(0, Cf,tl )). The covariance function Cf,tl )(s, s’) takes different forms depending on the

relative locations of s and s':

o ifs=s" € A;,

CV(s,8) = (Sg,)ii + 7€ 1 + Cy,(s,8) + 77, (C.20)
o ifs#£s' € A,
CL(s8") = (g,)ii + P&y + Oy, (s, 8), (C.21)
o ifsec A ands' € Aj,
C)(5,8) = (Zg,)ij + Cu (5,8, (C.22)

where (Xj,); ; indicates the 7, j-th element of the matrix ¥j,. Introducing the term nt(l)(s) allows us to

write the point-level model as

2M(s) = %] B+ 2z + 0 (s). (C.23)

Z?

To summarize, both the point-level covariance function Cy(,t1 )(-, -) and the areal covariance matrix Egi)

encode the same large-scale spatial structure determined by Xg,. For sufficiently small areal units |A;|, the
measurement errors are approximately equal (77 ~ £2) and the sub-grid component v (s) is negligible
(Cy,(+,-) ~0), so that Cfﬁ)(, -) and E,(ft) are almost equivalent. In the case of larger |A4;|, as is assumed in
our application, zﬁ,? does not include the short-range structure from Cy,. We correct for this by
introducing an additional range parameter estimated from the station data, which has the overall effect of

reducing the correlation range.
C.2 Neural Estimator Details

The STUN (Spatial TransUNet) neural estimator was first introduced in [129], and is based on the
TransUNet architecture of Chen et al. [60]. STUN combines a symmetric, UNet-style encoder—decoder with
a Vision Transformer bottleneck. The encoder (respectively decoder) consists of a series of convolutional

blocks that progressively downsample (respectively upsample) the spatial resolution, while the bottleneck
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applies multi-head self-attention across patches of the image to capture long-range dependencies. Skip
connections between corresponding encoder and decoder layers preserve fine-scale spatial detail throughout
the network.

The network is trained with a batch size of b = 64, so each training input has shape
[b,7, ha, wal = [64,30,128,128], with corresponding target parameter images of shape [64, 3,128,128]. We
use the AdamW optimizer [57] with a step-wise learning rate schedule and early stopping triggered after 10
epochs without improvement on the validation set, training for a maximum of 200 epochs. The loss
function is mean squared error (MSE), computed on standardized parameter values within the training
loop to avoid scale imbalance across the three parameter channels. Data augmentation is restricted to
spatial translation and random field negation, as other common augmentation techniques (such as rotation)
often do not preserve the statistical properties of the image.

STUN is implemented in PyTorch [161] and trained on a single NVIDIA RTX A6000 GPU. Synthetic
data generation is performed in R on a laptop with a 2.20 GHz Intel Core 19-14900HX processor and 32 GB
RAM, using the LatticeKrig package [3] to simulate spatial fields. The complete synthetic
dataset—comprising 20,000 training pairs, each with r = 30 replicates—required approximately 16 hours to
generate and occupies 80 GB of storage. Data are compressed and stored in the HDF5 format to allow easy

access using both R and Python.
C.3 Additional Cross Validation Results

To further examine the reliability of the nonstationary model, Figure C.1 shows the station-wise spatial
distribution of weighted RMSE, coverage, and prediction interval widths. The coverage is well-calibrated
and spatially homogeneous, lending confidence to the nominal 95% intervals despite the large number of
days and stations contributing to the aggregate PICP. Prediction interval widths and RMSE are consistent
with the complexity of terrain and regions with fewer stations. Overall, predictive performance is strong
across the entire domain, with the exception of a small number of outlier stations situated in atypical
environments, where local emission sources (such as road tunnels) produce concentration patterns that are

not well represented by the correlation structure of the model.
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Figure C.1 Station-level cross-validation metrics for the nonstationary (adjusted) model, aggregated over
all 349 days. From left to right: RMSE weighted by the local annual mean NOs concentration, 95%
prediction interval coverage probability, and mean prediction interval width (ug/m?).
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APPENDIX D
COPYRIGHT PERMISSIONS

Permissions to include previously published materials in this thesis are provided below.

1. Copyright permission from Wiley, the publisher of Stat, is not required for the inclusion of Chapter 3,
as the corresponding author retains the right to reuse the full text of their published article in a
thesis or dissertation under Wiley’s author reuse policy. The original publication is cited according to

the policy.

2. Copyright permission from PMLR, the publisher of the AISTATS proceedings, is not required for the
inclusion of Chapter 5, as the corresponding author retains full ownership of copyright in the article
under the PMLR publication agreement and the article is published under a Creative Commons
Attribution 4.0 International (CC BY 4.0) license. The publication is cited and linked according to

the policy.

3. Copyright permission is not required for the inclusion of Chapter 6, as the work has been submitted
but not yet published as of the submission of this thesis, and the authors therefore retain all rights in

the manuscript.
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